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Zusammenfassung

Die Beschreibung eines linearen Modells eines technischen oder physikali-
schen Systems geschieht oft durch eine sogenannte Transfermatrix, die als
Element eines geeigneten Hardy-Raumes betrachtet wird. Es wird auch oft
angenommen, dass Eingang und Ausgang des modellierten Systems Ele-
mente eines weiteren Hardy-Raumes sind. In dieser Arbeit wird eine detail-
lierte mathematische Einfiihrung in die Theorie der Hardy-Raume gegeben.
Eigenschaften der Hardy-Raume, die wichtig fiir die Beschreibung von tech-
nischen oder physikalischen Systemen sind, werden betont.

Eine wichtige Frage ist, wie robust ein System unter Eingangsstorungen
ist. Die Frage kann beantwortet werden, wenn der Verstarkungsfaktor eines
Systems bekannt ist. Dieser ist das maximale Verhaltnis zwischen Aus-
gang und Eingang und kann deshalb nicht leicht bestimmt werden, da jeder
mogliche Eingang betrachtet werden muss. Das Hauptergebnis dieser Ar-
beit ist, dass man unter gewissen Voraussetzungen an das Systemmodell
das Verstarkungsverhaltnis in einer viel einfacheren Weise berechnen kann.
Dieses Ergebnis ist in der Literatur bekannt, aber nach Wissen des Autors
sind keine tiberzeugenden Beweise in der Literatur verfiigbar. Die Liicken
existierender Beweise werden diskutiert und ein vollstandiger Beweis wird
angegeben.

Abstract

A linear model of a technical or physical system is often described by a so
called transfer matrix, which is considered as an element of an appropriate
Hardy space. It is also often assumed that the input and output of the mod-
elled system are elements of another Hardy space. In this work a detailed
mathematical introduction to the theory of Hardy spaces is given. Proper-
ties of Hardy spaces which are important for the description of technical or
physical systems are highlighted.

An important question is how robust a system is under input disturbances.
This question can be answered if the gain of the system is known. The gain
of a system is the maximum ratio between output and input and is therefore
not easy to determine (since every possible input must be considered). The
main result of this work is, that, under certain assumption on the model of
the system, one can calculate the gain in a much simpler way. This result is
well known in the literature, but to the author’s best knowledge a convinc-
ing proof is not available. The gaps in existing proofs are discussed and a
complete proof is given.
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Small letters, e.g. f and g, are mainly used for functions in the time domain
L,(R,V). Capital letters, e.g. ' and G, denote functions in Hardy spaces.
Capital letters with a tilde, e.g. F and G, are used for functions in the
frequency domain L, (iR, V).






1 Introduction

Many problems in engineering and physics are modelled as dynamical sys-
tems with m real input signals u(-) = (ui(-),... ,um(-))T, n real output
signals y(-) = (yl(-), o ,yn(-))T and an operator G : U — Y, u — G(u) =y,
which maps any input u from some suitable input space U to the output y
of an output space ) (see Figure 1).

U] — ——-> Y1
U9 ———> —-> Yo
g
Uy ——> ——>Un
Figure 1: A system with m inputs uq,...,u,, and n outputs y;,..., ¥y,

In many applications the real system is approximated by a linear system,
i.e. G is a linear operator:

Gt + Xou?) = MG (uh) + MG (u?) VAL X € R and Vu', u? € U.

Then it is often possible to describe the operator G by linear differential
equations:

i = Az + Bu, x(0)= 2",

1
y=Cz + Du, (1)

where A, B, C, D are suitable real matrices, x is the “state space” variable
and 2 the initial value.

Example 1 Consider two masses my and mo which are connected with a
spring and are pulled with the two forces Fy and Fy in opposite directions
(see Figure 2).

P1— —>D2

Figure 2: A physical example

The input is ul = (uy,us) = (F1, Fy) and the output consists of the two
positions of the masses, i.e. yr = (y1,y2) = (p1,p2). Let y1,72 € Ry
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denote the linear friction coefficients of the masses my, mo, resp., let d >0
be the spring constant of the spring between my and my and let g > 0 be the
gravitation constant. Using Newton laws one can easily derive the following
approzimative description of the physical system:

C 0 1 0 0 0 0 0
_ _gtd _wm _d L 0 0
=gt ot L [t o | 0= |
—_d 9 _gtd _ 0 L 0
L mo ma ma ma2

_[rtooo] oo
Y=loo1o0|" oo™

The state variables x* = (w1, 9,3, 24) = (p1,v1, P2, v2) represent the po-
sition py respectively the velocity vy of the mass my and the position po
respectively the velocity vy of the mass mo. Note that this model does not
capture the case that the two masses get too close to each other.

As seen in the example, it is often very natural to describe a system by
differential equations and state space variables. But the operator G which
maps the input u to the output y is not explicit. It is also not straightfor-
ward to see how noise in the input signal affects the output signal.

Another description of the operator G is obtained if one considers the so
called “frequency domain”. The main idea is to transform the input u to
the frequency domain space, to multiply it with a transfer matrix G to get
the function Y and to transform it back to the output y (see Figure 3).

frequency domain U Y
Laplace inverse
transform Laplace transform
L L1
time domain 1nput U==== == ne OUtPUt._..?-J_"‘-'

Figure 3: The frequency domain
Given a transfer matrix
G:C—-C"™™" s+ G(s)
and a (transformed) input function
U:C—C" s~ U(s)

6



the function Y : C — C" is simply
Y(s)=G(s)U(s) VseC.

The action of the operator G is reduced to a simple multiplication in the fre-
quency domain. One advantage of this representation is for example that
it is very easy to concatenate different systems, e.g. if two systems with
transfer matrices G; and G, are considered, where the output y; of the first
system is the input us of the second, then the transfer matrix G of the
concatenated system is simply described by G(s) = Ga(s)G1(s) for s € C.

If an operator G is given by a state space representation (1) with zero initial
values, then the transfer matrix is

G(s)=C(sI —A)'B+D

for all s € C where it is defined. Note that for a given transfer matrix there
are many different state space representations with the same input-output-
behaviour.

Example 2 The transfer matriz of Fxample 1 is given by

mas?+ypstdtg =d
o a(s) q(s) ;
G(s) = T st ditg for all s € C with q(s) # 0,

q(s) q(s)

where, for s € C,

q(s) = mimas* + (myye + may)s® + ((m1 +ma)(d + g) + 1172) s
+ (11d + 72d)(g + d)s + g* + 2dg.

In applications the possible inputs are often restricted, for example one
could consider only continuous inputs u. It turns out that this space of
input functions is often too restrictive and instead of the space of contin-
uous functions the more general Lebesgue spaces L, for 1 < p < oo are
considered. The special case p = 2 plays an important role, because if an
input function is an Lo-function, it can be interpreted as an input signal
with bounded energy. It will turn out that the Laplace transform of an Lo-
function is again an Lo-function, but in the frequency domain. It is obvious
that the subspace of Lo-functions u, such that u(t) = 0 for all ¢ < 0, is
of particular interest. The Laplace transform of such functions is exactly
the Hardy space H,, which is a special case of the Hardy spaces H, for
I <p<oo.

An important question one can ask is now:
How robust is a given system to input disturbances?



More precisely this means that one would like to know how uncertainties
or noise in the input u affect the output y. By linearity of the Laplace
transform it is sufficient to consider this question in the frequency domain
only. Let

U=U+N
be the disturbed input, were U is the nominal input and /N is some noise,

which both are considered as Hyp-functions (in the frequency domain). It is
easy to see that the new output Y fulfils

Y=Y +GN

where Y = GU and G is the transfer matrix of the nominal system. Since
the noise N belongs to the same function space as the input it is not nec-
essary to distinguish between nominal input and noise. With respect to
robustness, one essential property of the system is its gain. The value of
the gain will then also be a measure for the robustness of the system G
under input disturbances.

The gain for a single input U can be measured by

GU
u for some suitable norms.
U]l
Of particular interest is the “worst case” gain over all possible inputs, i.e.
|GU|
sup . (2)
vem\foy U]l

The main aim of this work is to show that under certain assumptions on
the transfer matrix G the value (2) is identical to

sup [|G/(iw)]] (3)

weR

This result is often stated as a fact in the (engineering) literature, but in
most cases a proof is not given. If proofs are given, they are not convincing
and have many gaps. Therefore the second aim of this work is to give a
convincing mathematical presentation of this topic.

This work is structured as follows: In the first section, the Lebesgue spaces
and the Fourier transform are introduced. It is important to note that many
results in the literature are given only for the scalar case and therefore the
proofs have to be adjusted. The next section introduces the Hardy spaces
and important properties of them. Unlike Lebesgue spaces, Hardy spaces
can not be found in the literature easily, especially the properties of the
Hardy spaces which are used in this work. The Laplace transform and its
properties are presented in Section 3, in particular the relationship between
the Laplace transform and the Hardy spaces is highlighted. In the last
section the equality between (2) and (3) is stated and proved. Furthermore,
two proofs in well established textbooks are discussed.



2 Lebesgue spaces and Fourier transforms

Throughout this section let V' be a finite dimensional C-Banach space with
norm || - ||,

Definition 3
For p € [1,00) define

A

L,(R,V) = { fR—>V ‘ f Lebesgue—integrable,/ If@)]]P dt < oo }
R

and

A

1/p
I BB V) — R, ﬁﬁWMm%Z(éW@%&>

For p = oo define

A

Loo(R, V) := {f R—V ‘ f Lebesgue-integrable, ess-sup|| f(t)]],, < oo }
teRr

and
1f1l; gy := ess-supl| f(2)]],-
teR

Let for f € ip(R, V), 1<p<oo,
My ={ g€ L@ V) [1If =gl =0 }.

then the Lebesgue spaces for 1 < p < oo are defined as
LR, V) :={ [/l

and, for [f] € L,(R,V),

fel,®V) }

1A ) = £z, ry-
For M C R define

Ly(M, V) :={[fl € Ly(R, V) [Vx & M : f(x) =0 } C L,(R, V). (4)

Note that || - [|; () is only a semi norm on L,(R, V). To get a vector space
with norm it is therefore necessary to define L,(R, V') as set of equivalence
classes. For [f] € L,(R,V) it is not possible to speak of [f](t) at some
point t € R, since different functions f1, fo € [f] can have different values
fi(t) # fa(t). For the sake of presentation, the notation is abused and in the
following every equivalence class [f] will be identified with a representant
f and every g € [f] will also be identified with f. The value of f(t) for
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some t € R is then the value of the specific representant and it will not be
distinguished between L,(R, V') and L,(R, V') (for more details see (Amann
and Escher, 2001b), p. 121-122).

It is important to note that L,(M,V) C L,(R,V) for every M C R, in
particular every function f € L,(M, V) is a function defined on the whole
of R and not only on M. Since L,(M,V) C L,(R, V) it is not necessary to
define a new norm for L,(M, V).

It is an interesting fact, that for every COMPACT M the Lebesgue spaces
are a decreasing sequence of sub-spaces, i.e.

Li(M,V) D Lo(M,V) D ... D Loo(M, V).
But, for p,q € [1,00] with p # g,
LR, V)Z L,(R,V) and L,(R,V)2 L,(R,V).

For example let

=12 fort e (0,1],
hR—=R, e { 0, otherwise,

t=t, fort>1,
fo:R=R, 1 { 0, otherwise.

Then it is easy to see that
fl c L1 (]R, R) but f1 g L2 (R, R) and

o€ Ly(R.R) but [, ¢ Li(R,R).

The following Proposition is a standard result for the Lebesgue spaces L,
and a proof can be found in (Amann and Escher, 2001b), Theorem X.4.10.

Proposition 4

The space L,(R, V') with norm |||z, () is a Banach space for any p € [1, o0].
If V' is a Hilbert space with scalar product (-, )y, then Ly(R, V') is a Hilbert
space with inner product

9 /<f

Corollary 5
The set

L,(iR,V) := { F:iR—V ‘ (w— F(iw)) € Ly(R,V) }
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is a Banach space.
If V' is a Hilbert space, then Ly(iR, V') is a Hilbert space with inner product

(F,G)py(im) = — /<F2u) >d

and norm
I E | Loy = A/ (Fs F) Lyir)-

Note that the inner product on Lo(iR, V') differs from the inner product on
Ly(R, V) by the constant factor 2w, the reason for that will become clear
in Proposition 9 and Theorem 10. It is therefore important to distinguish

between the different norms || - ||,®) and || - || z,@r)-
Remark 6
For a basis e1,€es,...,e, of V and 1 < p < oo define the p-norm by

n n 1/p
Il V =Ry 0= &= lolly, = (Z w) .
i—1 i=1
For f € L,(R,V) there exist f',...,f" € L,(R,C) such that f(t) =

Sor fi(t)e; for all ¢ € R. If V and C" are equipped with the p-norm,
then

1 ey = [ IO 0t = [ 3 Zw )rdt = anwup(m

_ 1
= [ f IILPRC

For p = oo define
n
|l sV =Ry v=) " &es = |[olly,.. = max &,

then

[/l vy = ess-supl| f()]l, ., = ess-sup max [f;(t)| = max ess-sup|f;()]
teR teR  =l.n =l.m  4eR

=0 I e

Therefore the spaces L,(R, V) and (L,(R,C))" can be identified and in the
remainder of this work f = (f!,..., f™)T will be written.

Note that, if V' is a Hilbert space with induced norm, then there exists a
basis such that this norm is a 2-norm.

Definition 7 (The Fourier integral)
Let f: R — V be a Lebesgue integrable function, then, for iw € R,

F{f}(iw) ::/Re_wf(t)dt

is called the Fourier integral, if it exists.
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It might seem artificial to consider the Fourier integral with the domain
1R, and not just R, but in the context of Hardy spaces this yields more
consistency.

In the remainder of this section important properties of the Fourier trans-
form are highlighted. Although the next Proposition is not used elsewhere,
it shows that the Fourier transform operating on Li-functions has some
remarkable “good” properties.

Proposition 8 .
If fe Li(R, V), then F: iR — V,iw — F{f}(iw), is uniformly continuous
and bounded on the whole of iR.

Proof. In (Doetsch, 1970), Satz 24.1, the statement is shown for V' = C.
By Remark 6 it can be assumed that f = (f',..., f")7 € (Li(R,C))" and
one has

Fo=F{fy=(F', ... F") = (F{f'Y, ..., F{"h

and therefore F is uniformly continuous by uniform continuity of F*, ..., F™.
Without restriction suppose that V' is equipped with the oo-norm, then
boundedness of F' follows from

~ -~ ~n T
||F||Loo(iR,V) = H (”FIHLOO(Z'R(C)a ceey ||F ||Loo(iR,<C)) HCn . < 00.

Proposition 9
The Fourier-transform

F L1 (R, V) N LQ(R, V) — LQ(ZR, V)

is well defined and a linear bounded operator. If V is equipped with the
2-norm then F is isometric, i.e.

Vie LR V)N LR V) : | flley) = IF{fH mewy)  (5)
Proof. Lemma X.9.17 in (Amann and Escher, 2001b) gives

VfeLi(R,C)N Ly(R,C): F{f} € L,(R,C) and
[ fllzey = IF{fH Lor.0)-

By Remark 6
fELiRV)NL(R,V) <= f=(f'....f") € (Li(R,C)NLy(R,C))"

and therefore

FUy=(FY L F Y
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which shows that F is well defined. Linearity of F follows from the defini-
tion of the Fourier integral.

If V is equipped with the 2-norm, then

IF L H ramy = || (IF L Ml zagmys - - IF L Ml naim) | oo
= || (Hf1HL2(R)7 R anHLz(R)) H(C”,z = HfHLz(R),

in particular F is bounded (by equivalence of all norms on V' this is true
even if V' is not equipped with the 2-norm).

There exist functions f € Ly(R, V) such that the Fourier integral F{f}
does not exists for all iw € iR. Consider for example again

t=',  fort>1,
0, otherwise,

fo: R—=R, tl—>{

which fulfils
fo € LyR,R) and f» & Li(R,R).

The Fourier integral considered for example at the frequency w = 0 is

Fifio) = [

1

which is not a finite value.

Nevertheless the following theorem shows that it is possible to extend the
Fourier transform to the whole of Ly(R, V'), and that this extended Fourier
transform is even an isomorphism between Lo(R, V) and Ly(iR, V). The
drawback of this result is, that it is in general not possible to give a point-
wise description of F{f}, but only a description as an Lo-limit. The same is
true for the so called inverse Fourier transform given implicitly in Assertion
(iii) of the following theorem, however, analogous as in Proposition 9, for
every F' € L1 (iR, V)N Ly (iR, V') the inverse Fourier transform exists point-
wise.

Theorem 10 (Plancherel)
Let V be a Hilbert space and consider the Fourier transform F : Li(R, V)N
Ly(R, V) — Ly(iR). Then there exists a bijective linear bounded operator

F i Ly(R,V) — Ly(iR, V), [ F{f}
with the following properties:

f’

(i) ?|L1(R,V)HL2(R7V) -
(i) Vf,9€ LR, V) (f,9)rom) = <7_:{f}’ F{g} >L2(z‘R)
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(iii) For all f € Ly(R,V) and F := F{f}:
i (F(z’w) - / " e f(t)dt)‘ ~0

—n

lim

n—oo

7}1_}1210 Ht — <f(t) - % /" emﬁ’(iw)dw)

-n

Ly (R)

Although Theorem 10 is well known and proofs are available in literature,
a proof is given in this work. There are two reasons for this: Firstly, in
the literature only the case V' = C is considered and therefore the existing
proofs have to be adjusted anyway. Secondly, Theorem 10 is essential for
the following sections of this work and the proof should help understanding
the underlying structures. Before proving Theorem 10 an interesting fact
used in the proof is emphasised as the following lemma.

Lemma 11

Let X be a Banach space, Y a normed space and A : X — Y a linear
isometric mapping. Then im(A) :={ye€Y |Joe X : Ax)=y } CY is
a Banach space, in particular im(A) C Y is closed.

Proof. It is clear that im(A) is a linear subspace. Consider a sequence

(yn) € (im(A))N with (x,) € X" such that A(z,) = y, for all n € N. Then
linear isometry yields

”xn - xm” = ||A(:)3n - xm)” = Hyn - ymH Vn,m € N.

This shows that (y,) is a Cauchy sequence if, and only if, (z,,) is a Cauchy
sequence. Assume that (y,) is a Cauchy sequence and let = := lim,,_ 2.
Now y := A(x) € im(A) fulfils, by continuity of A, y = lim, .. vy, and
therefore the Cauchy sequence (y,,) has a limit in im(A), hence im(A) is a
Banach space. ed

Proof of Theorem 10.

The proof is separated into several steps. The first step highlights the fact,
that L1 (R, V) N Ly(R, V) is dense in Ly(R, V), which is essential for the
existence of F. Bijectivity of F follows from injectivity and surjectivity of
F, whilst the former is a direct consequence of linearity and isometry of
F the latter is not trivial. The main idea is to show that the image of F
is dense and closed in the Banach space Lo(iR, V') and must therefore be
identical with it.

STEP 1: 1t is shown that the set L1 (R, V) N Ly(R, V) is a dense subset of
La(R, V).

Define, for f € Ly(R, V),
fo =X ] forneN,

14



which obviously fulfils
fn€ LR, V)N Ly(R, V) VneN

and
If = fallLawy = 0 as n — oo.

STEP 2: Existence of a linear bounded isometric operator F.

Proposition 9 yields that F is a linear bounded operator and since Ly(R, V)
is a Banach space by Proposition 4 an application of Theorem VI.2.6 in
(Amann and Escher, 2001a) (Continuous extension of a linear bounded op-
erator) ensures the existence of a linear bounded operator F : Ly(R, V) —
Ly(iR, V') which extends F : L1(R,V) N Ly(R, V) — Ly(iR, V). Isometry
of F carries over to F by continuity of the norms || - ||z,®) and || - ||z,r)-
This proves Assertion (i).

STEP 3: Injectivity of F.
Isometry of F yields

Ve LR V): [IIF{fHm=0 <= |flle=0]

and therefore the kernel ker(F) consists merely of the zero-function in
Ly (iR, V') which is for linear functions equivalent to injectivity. It should
be remembered that the zero function in Ly (iR, V') is the equivalence class
of all functions which are only almost everywhere zero. The Fourier trans-
form considered on fzz(R, V') as introduced in Definition 3 is therefore NOT
injective.

STEP j: Surjectivity of F.

First consider V' = C, then in Theorem X.9.3 in (Amann and Escher, 2001b)
it is shown that the Schwartz space

S(R) := { f € C®R,C) ' Vk,m e N: sup(l 4 22)2|| fW(z)] < oo }
zeR
is dense in Li(R,C) and in Ls(R,C), in particular S(R) C L;(R,C) N
Ly(R,C). Corollary X.9.13 in (Amann and Escher, 2001b) implies that F
maps S(R) surjectively onto

S(iR) ;:{F;m—mc ‘F(z’-)ES(R) }

which is, again by Theorem X.9.3, dense in Ly (iR, C).

Obviously S(R)" is then dense in (L;(R,C) N Ly(R,C))" which can as in
Proposition 9 be identified with L; (R, V) N Ly(R, V) and S(iR)™ is dense
in Ly(iR,C)” which can identified with Lo(iR,V). Writing F{M} =
{ F{f} | f €M } for some M C Ly(R,V), Corollary X.9.13 in (Amann
and Escher, 2001b) implies therefore F{S(R)"} = S(iR)". Now

n

Ly(iR,V) D im(F) = F{L(R,V)} D F{S(R)"} = F{S(R)"} = S(iR)"
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shows that the image im(F) is dense in Ly (iR, V'), because S(iR)" is dense
in Ly(iR, V). On the other hand Lemma 11 ensures that im(F) is a closed
subspace of Ly (iR, V). This is only possible if Ly(iR, V) = im(F).

STEP 5: Inner product equality, i.e. Assertion (ii).

Let W be an arbitrary C-vector space with inner product (-, -) and with the
induced norm | - ||, then

4a,b) = lla+b]* = lla—bl” + illa + ibl|” — ifla — id|* Va.b € W,

Assertion (ii) follows therefore from isometry of F.

STEP 6: Convergence of the integrals in Assertion (iii).

The proof of this for the case V' = C can be found in (Rudin, 1974), The-
orem 9.13d (taking care of the different constants). Assertion (iii) follows
now from the identification of Ly(R, V') with Ly(R,C)"™ and Lo (iR, V') with
Ly(iR,C)" (see Remark 6). oo

Corollary 12 B
If V' is a Hilbert space, then the extended Fourier transform F : Ly(R, V) —
Ly(iR, V') as in Theorem 10 is an isometric isomorphism, i.e.

Ly(R, V) = Ly(iR, V).

This result shows that there is no essential difference between the time
domain function space Ls(R, V') and the frequency domain space Lo (iR, V).
In fact, in most engineering literature these different function spaces are not
distinguished or the time domain is not considered at all.
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3 Hardy spaces

Throughout this section let V' be a finite dimensional C-Banach space with
norm || - ||,,. A function F : C — V is said to be holomorphic if, and only
if, every component function of F' = (Fy, Fy, ..., F,) is holomorphic (see
Remark 6 and note that the definition is independent of the chosen basis of
V).

Definition 13 (Hardy spaces)
For p > 0 define the Hardy space on the open right half plane C

Re>0

F' is holomorphic and }

HP(CRe>O7v) = { - C -V SUpP,~q fR HF(x + zw)Hf}dw < 0

Re>0

and

” ) ||Hp((CRe>O) : HP(CRc>O7 V) - Rzo?

| NN
F— ||FHHP((CRe>O) = (i&g%/Rl|F(IB+ZW)||de> .

Of interest are also the Hardy spaces on the left half plane Cge<g

o _ F' is holomorphic and
HP(CRe<07V) T { F CRe<0 -V ‘ SUp, o fR ||F(l’ —I—Zu})”@dw < 50 }
with
1 1/p
1t ey = [ 5up / IFe +iw)dw)  VF € Hy(Croco V).
<0 2m R

For p = oo define

HOO(CRe>O7V> = { F: CR6>O -V

F' is holomorphic and }

SUPRe s> || F(8) ]|, < 00
with
| e (cpy,og) : C

Re>0) Re>0

=V, Fr|[Fllecy., = s [[F(s)],
Res>0

and Ho(Creco, V') with || - || g (cr..y) analogously.

In most (mathematical) literature the Hardy spaces are defined on the open
unit disc B;(0):

F is holomorphic and
H, (B1(0),V) = { FiBy(0) =V ’ is holomorphic an }

2w i
Supocycr J7T 1P (re?) 26 < oo

and, for F € H,(B,(0),V),

o ' 1/p
Hmmmm:<wyAHﬂWW%®

0<r<1

17



Although there exists an isomorphism between B;(0) and C,__,

11—z
VB (0) = Cphsys g s =

with inverse 1
_ —
\Ifl:(CRe>O—>]B%1(O), Sl—>Z:1+S,

it is not clear whether all properties of H,(B(0),V) are preserved in the
Hardy space on the right-half plane H,(C,__,,V) and vice versa. Essential
for the definition of H,(B,(0), V') are integrals on circles with radius 0 < r <
1, for H,(C,__,,V) the translated imaginary axis x + iR, for some x > 0,
plays this role. As can be seen in Figure 4 there is no simple mapping
between these important curves. Furthermore B;(0) is a bounded region,
whilst C,__, is not. In particular the Lebesgue measure is in the former
finite in contrast to the situation for the latter.

/
4 .
Pek * I
er ¥, 7 h

\

L L L L L L L L L L L y L L L L
-1 08 06 -04 -02 0 02 04 06 08 1 -2 0 2 4 6 8 10

L L L L L L L L L L L L I L L L
-1 -08 -06 -04 -02 0 02 04 06 08 1 -2 0 2 4 6 8 10

Figure 4: The isomorphism W between the unit disc B;(0) and the right
half plane C__,

Nevertheless it will turn out (Proposition 17) that H,-functions are fully
characterized by their so called boundary functions on 0B;(0) or iR, resp.
Therefore, it is possible to define an isomorphism between H,(B,(0), V') and
H,(C,..,, V) using the isomorphism ¥ (see for example Theorem 1.2.5 in
(Partington, 2004) for p = 2).
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The reason for considering H,(C,__,, V) instead of H,(B:(0),V) is simply,
that, as mentioned in the introduction, the (extended) Laplace transform is
an isometric isomorphism between Ly(R_ , V') and Hy(C, _,, V) (Theorem
24). It is obvious that this result does not hold for the Hardy space on the
unit disc, since in general the Laplace integral of Ly(R_ , V') does not exist
on the left half plane Cpeq. Another advantage of the Hardy spaces on the
half plane is the existence of a very simple isometric isomorphism between
H,(C,..,,V) and H,(Cgeco, V') described in the following remark.

Remark 14
The mapping

Hy(Cpooy, V) = Hp(Creco, V), F i (s F(—s))

Re>0"

is a linear isometric isomorphism between H,(C, _,,V) and H,(Cge<o, V).
Therefore in the remainder of this section the properties of the Hardy spaces
are only formulated for the Hardy space on the right half plane. The prop-
erties in an analogous formulation are then also true for the Hardy spaces
on the left half plane.

The following Proposition highlights the structure of the H-spaces.

Proposition 15

For 1 < p < oo the Hardy space H,(C V') is a Banach space.

Re>0"

There are proofs available in (Hille, 1962), Theorem 19.1.6, for the case
1 < p < oo, in (Duren, 2000), Corollary 1 to Theorem 3.3, for the Hardy
space on the disc, and in (Rosenblum and Rovnyak, 1985), Theorem D of
Section 4.7. All proofs are only indirect, they use Fatou’s Theorem (see
Proposition 17) and the properties of the boundary functions. In this work
a direct proof is given.

Proof. That the space H,(C,__,,V) is a linear space is clear. It is also
obvious that || - [|m,c,, _,) fulfils [[AF|m,c,._,) = [MIFl#c,,.,) forev-

Re>0

ery A € C and for every F € H,(C,._,,V). Every F € H,(C,._,,V) is
continuous and therefore

HFHHP((CRe>o) =0« F=0.
To show the triangle inequality for || - || g, (c,__ ). consider F' € H,(C,__,,V)

and define
F,: iR -V, iww— F(x+iw),

then, by definition,

||F||Hp(<CRe>O) = Sup HFxHL,,(iR).
x>0
Now the triangle inequality follows from the corresponding fact for the norm

| - |z, @r)- Therefore H,(C, ., V) is a normed vector space.

19



To show completeness of H,(C, _,,V) consider a Cauchy sequence (F") €
H,(C,..,,V)Y. Then (F!) € L,(iR,V)N is a Cauchy sequence for every
x > 0. By completeness of L,(iR, V) (Corollary 5) this yields that for every
x > 0 there exists F, € L,(iR, V') such that

||F;_Fx||LP(1R) —>0 as n — Q.
It remains to show that

F:C,.,—V, s=zr+iw— F(iw) (7)

Re>0

is holomorphic (or more precisely, that there exists a holomorphic represen-
tant of F'). Without restriction it can be assumed that V' = C, because

F:C,., — V is holomorphic if, and only if, Fy,F5,..., F, : C,_, — C
are holomorphic, where F': C _, — V is identified with (Fy, Fy, ..., F,)" :
C — C™.

Re>0

To show that (7) is holomorphic (respectively has a holomorphic represen-
tant) it follows form Proposition 1.10 in (Andersson, 1997) that it suffices

to show F™" — Fin L], i.e.

V compact K C C,__, : / |F"(s) — F(s)|[ds - 0 as n — oo.
K

Without restriction it can be assumed that K is a rectangle:
K={s=as+iweC,_, |z¢€x,z]we wsw,) }

with 0 < z; < 7, and wy < w,. First observe that for every 1 < p < oo by
application of Holder’s inequality there exists a constant C, > 0 such that

/ G (iw)|dw < C,||G|1,r) for all G € L,(iR, C). (8)
wq
For € > 0 choose N € N sufficiently large, so that
€
Fr—Fm = Fr'—F", gy < —————— Vn,m > N,
|| ||Hp((CRe>0) Smg% || x x ||Lp( R) (xr — xl)Cp n,m2
then .
sup || F!' — Fllp i) < ———— Vn > N. 9
:1:>IO) “ x ”Lp(R) (SCT — wl)cp ( )

Now
/|F"(s)—F(s)]ds:/ / [F"( + i) — Flo + i) dw da
K ] wd

< (zp — 1) sup(/ |[F™(z +iw) — F(z + iw)|dw)

x>0 wq

8

< (xr - xl)Cp SUIg HFJ? - FxHLp(iR)
x>

—~
=

9
<e Vn > N.

—
=
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Therefore, Proposition 1.10 in (Andersson, 1997) shows that there exists a
representant of F' which is holomorphic. Now

n n (9)
|F™ — F||HP(CRe>O) = SUIg |FY = Fellp,ary = 0 as n —0,
r>

which shows that every Cauchy sequence in H,(C
H,(C V), hence H,(C

nesos V) has a limit in

V') is a Banach space. oo

Re>0"7 Re>0"

The following two Propositions are essential for the understanding of H,-
functions. The first one shows that the supremum which is used in the
definition of the H,-spaces cannot be attained at some translated imaginary
axis x + iR for some x > 0. The second one shows that every H,-function
can be identified with its boundary function on the imaginary axis iR, which
is an L,-function.

Proposition 16

For 1 < p < oo and for every F € H,(C V') the function

Re>0"

M,

(L F) Ry = R,z liw— F(z +iw)||,ur)

is decreasing.

Proof. For the case 1 < p < oo Theorem 19.1.4 in (Hille, 1962) shows the
claim for V = C.

A careful inspection of that proof shows that it captures the general case
V # C as well (it is not necessary to assume that V' is equipped with the
p-Norm).

For the case p = 0o observe that Equation (19.1.29) in (Hille, 1962), i.e.

xr—0b F(b+ip)
m /R(l’—b)“r(w—sﬁ)

F(z +iw) = sdp  Viw € iR,V > b >0,

is also true for all F' € Hy(C, _,,V). To prove this, the proof of Theorem
19.2.2 in (Hille, 1962) can be used almost one-to-one, the only change is,
that the last step, where b — 0, is left out.

For arbitrary z > b > 0,

My (z, F) = sup |F(z + iw)

iweiR

Iy

coptst [ WO,
weR T R(I_b) +(W_(P>

< sup [|[F(b+ i), s ‘”‘b/ ! d
u 7 u

= ipein e N e A PR i

v~

=1

= Mo (b, F).
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This shows that, for fixed F' € H,(C
is decreasing.

V), the function z — M (z, F)

Re>0"

Proposition 17 (Fatou’s Theorem)
Let 1 < p < 0o. Then there exists a linear operator

Bf i Hy(C,..,,V) — L,(iR,V), Fs F=B{F}

Re>07
with

(i) F is the boundary function of F:

Fliw) = limF(z +iw) for almost all iw € iR.
z\0

(ii) B is isometric:

V).

Re>0"7

1 F N a, = ||B;{F}||Lp(m) VF e H,(C

(iii) F' is fully described by its boundary function F:

B
F(x+z‘w0):f/ (iw) ;dw Vwp € R,V > 0.
R

T Jr 22+ (wo — w)

If p < o0, then:

1 [ F(i
F(z) /R (i) dw forallzeC,__,.

27 Z — 1w

Proof.
Showing existence of B and Assertion (i).

In the corollary to Theorem 11.1 in (Duren, 2000) the existence of an op-
erator on the Hardy space on the upper half plane Cy,,~o with V' = C and
1 < p < oo with an analogon of Assertion (i) is shown. Since the right half
plane C___, and the upper half plane Cpy,~o are isometrically isomorphic
by the rotation z +— iz, the existence of B} and Assertion (i) is shown for
Hy(C,..,,C)and 1 < p < 0.

For the case p = oo consider any holomorphic bounded function f : B, (0) —
C. In Theorem 1.2.2 in (Partington, 2004) it is shown that there exists
f:0B,(0) — C as radial limit of f almost everywhere |, i.e.

li}r% f(re?) = f(e)  for almost all 6 € [0, 27),

and f is essentially bounded. Let F' € H,(C
isomorphism V¥ as illustrated in Figure 4,

C), then, by using the

Re>0"

f:B(0) = C, s+ f(s) ZF(;j)
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is well defined, holomorphic and bounded on B;(0). With Theorem 1.3 in
(Duren, 2000) it is easy to see that, for almost all w € R,

lim F(z 4 iw) = lim f (HJ> :f(l_iw> =: F(iw),

N\, 0 N0 1+2+w 14w

which shows existence of B and Assertion (i) for H(C,__,,C).
The general case V' # C follows from considering the components
(Fl,FQ,,Fn) EHp((C (C)n of F.

Re>0"

Showing Assertion (ii).

Proposition 16 yields that for all F' € H,(C V)

Re>0"

lim My (2, F) = || Fllm,c

Re>0 ’V) :

Invoking the fact that M,(z, F) < ||F||1,ur) and F — F point-wise a.e.
yields

}}\% My(z, F) = ||F||z,ur)
and therefore B; is isometric.

Showing Assertion (iii)

The first equation with V' = C is proven in Theorem 11.2 in (Duren, 2000)
and the second one in Theorem 11.8 in (Duren, 2000). Again (Duren, 2000)
considers the upper half plane, but using the rotation from the first part of
this proof one get the result for the right half plane. It is also easy to see
that the result is true for the general case V # C. qed

By Remark 14 there exists also an operator B, : H,(Cre<o, V') — L,(iR, V')
with the analogous properties as the operator B; in Proposition 17. In
particular for every G € H,(Cre<o, V)

B, {G}(iw) = li/rr%) G(z +iw) for almost all iw € iR

and

1B, {G} ) = 1G] 1y (€peco)

Definition 18

Hy (iR, V) :=im(B}) and H, (iR, V) :=im(B,).

23



Corollary 19
Let 1 < p < oo, then the subspaces H, (iR, V') and H (iR, V) of L,(iR, V)
are complete and

H;'(iR, V)= H,(C,._,,V) and H, (iR, V) = Hy(Cre<o, V).
In particular, if V' is a Hilbert space, H, (iR, V) and H, (iR, V) are Hilbert

spaces with the inner product of Ly(iR, V).

Proof. B : H,(C,. _,,V)— HS(iR,V)and B, : Hy(Cre<o,V) — H, (iR, V)
are by definition surjective. Note that B, is linear and since ||Bf { F'}||z,r) =
0 if, and only if, ||F|lz, = 0, it is also injective (as well as B,). By isom-
etry of Bf and B, , Lemma 11 together with Proposition 15 yields that
Hy (iR, V) and H, (iR, V) are complete subspaces of L,(iR, V).
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4 Hardy spaces and Laplace transforms

Definition 20 (The Laplace integral)
Let f : R — V be a Lebesgue integrable function, then, for w € R,

C{f}(s) = / e f ()t

is called the Laplace integral, if it exists.

In literature one can find many different definition of the Laplace inte-
gral. It is very common to define the Laplace integral only one sided, i.e.
fo ~stf(t)dt. But this is a needless restriction since the one sided Laplace
integral is just a special case where f(t) = 0 for allt < 0. On the other
hand, the presented definition of the Laplace integral shows the strong re-
lationship to the Fourier integral

FUY = L{f

In this section the properties of the Laplace transform in connection with the
Hardy spaces are collected. The results are very similar to that of Section 2.
The following two propositions state some general facts about the Laplace
integral. The first one is on the existence of the Laplace transform and the
second one on the smoothness of the Laplace integral if it exits.

Proposition 21
Let f:R — V with f(¢) = 0 for all £ < 0 and, for some s, € R.

(t — e_sotf(t)) € Li(R,,,V),

Then the Laplace integral

L{f}(s) € V exists for all s € Cre>s, :={ s € C | Re(s) > sp }.

Proof. For arbitrary s € Cge>s, one has

Lletr@il,ae= [~ eroll ae= [T leer e o)) a
/ e (1)) dt < o

which shows (absolute) convergence of the Laplace integral on Cress,. [aa

Proposition 22

Suppose that for f : R — V with f(¢) = 0 for all t < 0 the Laplace integral
F(s) = L{f}(s) exists on Cgesp for some § € R. Then F' : Cresp — V is
holomorphic.
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Proof. 1In (Doetsch, 1970), Satz 6.1, the statement is shown for V' = C.
Note that F' = (F!,..., F™) is holomorphic if, and only if, F!,... F™ are
holomorphic.

Propositions 21 (with sy = 0) and 22 yield that the Laplace transform
F = L{f} of any function f € Li(R_,,V) is well defined on C,__, and is
holomorphic there. So one might suspect a strong relationship between L,
and Hardy spaces. Indeed the following proposition shows that for certain
functions the Laplace transform is an Ho-function. This proposition is very

similar to Proposition 9.

Proposition 23
The right-sided Laplace transform

L7 LR, V) N Lo(Roy, V) = Ho(Co, V), f > £{S)

>07 >0

and the left-sided Laplace transform

L7 Li(R_,, V)N Ly(R_,, V) — Hy(Creco, V), g+ L{g}

<0’ <0’

are well defined linear operators. The Laplace transform
L:=LTUL,

L:(Li(R,,, V)N Ly(R,,,V)) U (Li(R_,, V)N Ly(R_,, V))

=07 =07 N <07’

— HQ(C V) U HQ(CRE<0, V)

Re>0"

is a bounded operator.
If V is equipped with the 2-norm then L is isometric, i.e.

Vi€ LR, V)N La(Ro, V) o [[L{f Hlma(eppngv) = [ f o) and
Vg € Li(R,, V) N Lo(Re, V) 2 [[£49} s (Cpecovy = 19 Lo @)-

Proof. Putting so = 0 in Proposition 21 together with Proposition 22
(and taking (4) into account) yields that £* is well defined provided that
the boundary condition of Hy(C, _,, V) is fulfilled. Assume first that V' is
equipped with the 2-norm and consider f € Li(R_,,V) N Ly(R.,V) and
x > 0. Define B )

[ R—=V, t—e " f(1).
Then f, € L1(R_,, V)N Ly(R_,,V) and

>0 >0

2

1 1 .
sup — L z+w)|*. dw = sup — /6_(““’) t)dt|| dw
w5 L1 sl do =g [ [ e roal
1 N
= — d
sup 27T/R||f{fac}(w)llm w

= sup | F{fo} 10w
>0

(5)
= sup ”fz”%Q(R)
x>0

= lf1Z.®)
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This shows that, for all f € Li(R_,, V)N Ly(R.,, V),

>0 >0

L{f} € Ho(Cyo, V) and  [|[L{fH e, ) = 1l 2o®)-

If V' is not equipped with the 2-norm, then the same calculations give (in-
voking boudedness of the Fourier transform F):

1L H ) < CVIF 2wy,

where Cy, > 0 is a constant depending on the norm of V. This shows
boundedness of LT and linearity follows from the definition of the Laplace
integral L.

It is easy to see that Proposition 21 and 22 are similarly also true for
functions g € L1(R_,, V), in particular £{g} is well defined on Cre and

is holomorphic there. Analogous arguments as above for g € Li(R_, V) N

<0’

Ly(R_,, V) complete the proof.

<0’

This section ends with the important fact, that the (extended) Laplace
transform is an isometric isomorphism between the time domain Lebesgue
space Lo(R_,, V') and the frequency domain space Hy(C,. _,,V). That
means that there is no essential difference between the time domain and
the frequency domain. In addition, the trivial orthogonal decomposition of
Ly(R, V) into La(R_,, V)@ Ly(R_,, V') carries over to the frequency domain
in the form Ly(iR,V) = H(iR,V) & H (iR, V). These interesting con-
nections between the time domain spaces and frequency domain spaces are
illustrated in Figure 5.

yal Bt
Ly(R,,, V) H(Cy,,, V) Hy (iR, V)

Re>0"

/

@ L2 (Ra V)

Ly(iR, V) EB<

B

V) £ Hy(Croco, V)

Hy (iR, V)

Figure 5: The connection between time and frequency domain spaces, where
all “<+” denote isometric isomorphisms

Theorem 24 (Paley-Wiener)
There exist linear isomorphisms

LT Ly(R_,, V) — Hy(C

>07

Re>0" V) and
Z_ : LQ(R V) — HQ(CRe<07 V)

<07
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with

_£+

7+
L ‘Ll(RZO)ﬂLQ(RZO) - and

£7 ‘Ll(RSO)ﬁLQ(RSO)
The extended Laplace transform
L=LTUL

is then a bounded operator.
If V' is a Hilbert space, then L is isometric and moreover

Ly(iR, V) = Hf (iR, V) @ H, (iR, V).

It is not easy to find a complete proof of this Theorem in literature. A
starting point could be the proof of Theorem 11.9 in (Duren, 2000), but
there only the case V = C and the upper half plane is considered. Again as
for Theorem 10 a complete proof is given in this work, since this Theorem
is essential. An interesting fact, which will be used in the proof, about the
Laplace transform combined with the boundary operator By is highlighted
as a lemma. In view of Proposition 17 it is not surprising that £ combined
with Bt is simply the Fourier transform. It is easy to see that the result of
this lemma will carry over to the extended Laplace and Fourier transform.

Lemma 25
Ve Li(R,,V)NL(R,,,V): By (L{f}) =F{f}.

The assertion of Lemma 25 is illustrated by the commutative diagram in
Figure 6.

H2 (CRe>O ? V)
L Ny
Li(R_,, V)N La(R_,, V) 7 Ly(iR, V)

Figure 6: Illustration of Lemma 25

Proof of Lemma 25. Proposition 21 with sy = 0 yields that the func-
tion F': Creso — V, s — L{f}(s) is well defined on the closed right-half
plane. Moreover Flc, € Hy(Cy,_,,V) by Proposition 23. By definition
of the Fourier transform it is clear that F|;g = F{f}.

It remains to show that By {Flc, _ } = Fl, i.e.

F(iw) =lim F(z +iw) ( =B {F}(iw)) for almost all iw € iR.

2\ 0

28



Let iw € iR such that lim,\ o F(x + iw) exists and choose for ¢ > 0 a
sufficiently large T € R so that

/TOO |f(t)]dt <e. (10)

Then
lim F(x +iw) — F(iw)| = lim / et F(t) (e —1)dt
[ tim F(e+ i) = Fli)| = lim | [~ e (0 (e~ 1)
< lim H] (1 —e ") dt
<t [ 0la-e)
T 00
< hm(1—e—$T)/ \f(t)|dt+/ | f(t)|at
(10) . .
< ln (1 = ) flugey +
=c.
Since € > 0 can chosen arbitrarily small the proof is complete. aed

Proof of Theorem 24
The proof concentrates only on the right-sided Laplace transform, since the
proof for the left-sided Laplace transform is analogous.

Step 1: Existence of linear bounded £+ : Ly(R_ , V) — Hy(C

>0

V).

Re>0"

Proposition 23 yields that £ : Li(R_ , V)N Ly(R_, V) — Hy(C

207 >0 Re>0" V) 1S
linear and bounded on the dense subspace Li(R.,,V) N Ly(R_,, V) of the

>0’ >07

Banach spaces Ly(R._ , V). Theorem VI.2.6 in (Amann and Escher, 2001a)

>07
is applicable and yields that there exists a continuous linear extension

Z+ . LQ(R207 V) - HQ((CR6>O7 V)

Step 2: Injectivity of L.

Consider first the case that V' is equipped with the 2-norm. Then Proposi-
tion 23 yields that £ is isometric and therefore

I ) =0 = Ifll.@ =0.

By equivalence of all norms on V' this is also true for any norm || - ||
Together with linearity of £ this yields injectivity.

of V.

14

Step 3: Surjectivity of £T.!

Let F € Hy(C,,_,,V) and F' = By (F) € Hy (iR, V) C Ly(iR, V), then F
can, by Proposition 17, be written as

F(2) ! /de forall z € C
R

2 —jw Re>0"

IThis step of the proof is mainly based on parts of the proof of Theorem 11.9 in
(Duren, 2000).
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By Theorem 10 one can define f € Ly(R_ , V) as Lo-limit of

>07

1 nooo L
fo iR, = Vit— 2—/ ™' F(iw)dw
> )

as n — 00, i.e. f=F Y{F}. Together with

1 o -
g / e—t(z—zw)dt
z2—iw  Jy

Re>0"

this yields, for all z € C

> 1 .
:/ e <—/e’“’tF(iw)dw> dt
0 21 Jr

:/ e * lim f,(t)dt
0 n—oo

= lim £Y{f.}(2)
= L{f}).
Therefore, for every F' € Hy(Cy _,V) exists f € Lo(R_;,V) such that

F=T*{f}.

Step 4: V a Hilbert space.
Step 4a: Isometry of L.

If V' is a Hilbert space then it is by Remark 6 equipped with the 2-norm.
By Proposition 23 the continuous extension £ of £ is isometric.

Step 4b: Showing Hy (iR, V) L Hy (iR, V).

Consider F € Hy (iR,V) and G € H, (iR, V) with corresponding F' €
Hy(C,..,,V) and G € Hy(Creco, V) such that By {F} = F and B; {G} =
G. Invoking Step 3 it is possible to find f € Ly(R._,, V) and g € Ly(R_,, V)

=07 <0”
such that F' = L{f} and G = L{g}. Observe that by continuity of By
(linear and bounded) and Lemma 25

By {C{f}} =F{f} and B;{L{g}} =F{g}.

Therefore, by invoking Theorem 10,
<F7G>L2(iR) - <‘T{f}’?{g}>L2(iR) - <f7g>L2(]R) =0.

Step jc: Showing Ly(iR, V) = Hy (iR, V) & H, (iR, V).

It remains to show that for every H € Ly(iR, V) there exist two functions
F e Hy(C, _,,V) and G € Hy(Creco, V) such that By {F} + B, {G} = H.

Re>0"
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By Theorem 10 there exists h € Ly(iR, V) such that F{h} = H and there
exist f € Lo(R.,,V) and g € Lo(R<g, V), such that h = f + g. Let

>0 2
F = L{f} € Hy(V) and G := L{g} € H; (V) and observe again that
By {F} =F{f} and By {G} = F{g}. Now linearity of F yields

H =F{h}y = F{f + 9} = F{f} + Flg} = B {F} + B, {G}.

The proof of Theorem 24 shows that
F. Ly(R.,,, V) — Hf(iR,V) and F : Ly(R_,, V) — H (iR, V)
with

T+ ._ T Tr— .— T
Ft= f‘Lszom and F~ = f}LQ(Rgovv)

are isometric isomorphisms (see Figure 7).

Ly(R,V) Ly(iR, V)
T+

Lo(R_,, V) Hy (iR, V)
7

Lo(R_,, V) = Hy (iR, V)

Figure 7: The extended Fourier transform

One may ask, why Hardy spaces and Laplace transform are considered at all.
The reason for this is, that functions in the Hardy space Hy(C, _,,V) can
be characterised very easily (holomorphic and “bounded” ), whilst functions
in Hy (iR,V) do not have a simple direct characterisation. Furthermore,
functions in Hy(C,__,, V') can be often expressed by a simple formula, whilst
functions in H; (iR, V) as Lo-functions do often not have this property.
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5 The gain of linear systems

In this section linear systems with m real input signals u = (uq, . .. ,um)T €
Ly(R_,,R™) and n real output signals y = (y1,...,yn)" € La(R_,,R")
are considered. In the frequency domain, the signals fulfil U = L{u} €
Hy(C,, .,,C™) and Y = L{y} € Hy(C,__,,C™). The transfer matrix G is
ann xm matrix and a natural assumption is that GG is bounded and smooth,
ie. G € Ho(C,, _,,C™™). It will be assumed that C" is equipped with the
standard inner product and therefore the induced norm is the 2-norm (Eu-
clidian norm). The matrix space C"*™ will be equipped with the induced

2-norm, which can be calculated as
||M||n><m = Umax[M] for M € (CnXm’

where 0y, [-] denotes the maximum singular value.

Note that then
Mz, < |IM||lpxm|zl|m YMeCY™™, VaeCm

Definition 26
For n,m € N and 1 < p < oo define
Cnxm)

Re>0"7

H) = H,(C,_,,C") and H}*™ := H,(C

and

LP = L,(iR,C") and L™™ .= L,(iR,C™™).

The next proposition highlights the fact that bounded (and smooth) trans-
fer matrices can be considered as well defined bounded operators on the
Lebesgue spaces L, (on the Hardy spaces H,).

Proposition 27
Let 1 <p<oo,n,meNand G e HZ™, then the multiplication operator

./\/lg” CHY — HY, F— Mgp{F} = (s — G(s)F(s))

is well defined and fulfils

|G F ||y
= sup

op FeHp\{0} ||F||H;,” .

H
Gl e 2 [ M

IfGe L™ then the multiplication operator

./\/lgp Ly — Ly, F Mé”{ﬁ} = (iw é(zw)ﬁ’(zw))

is well defined and fulfils

. GFE||
Gl > || MG 0y

o Ferpvoy I1Flly
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Proof. Let 1 <p<oo, G€ HY™ and I' € H", then

1
sup — ||G(:L'—{—zw)F(a:+iw)Hﬁdw
2>0 2T

<sup—/HG x +iw)||h ol Fx + iw)||P,dw

z>0 2
<sup—/HGH o || /(2 4 i) |7, dw
_ p P
- ”GHH&XmHFH o < 0.
If p = oo, then
swp |G()PE) € sup 1G(5) oI5

5€Chex0 5€Cpeso

< sup (|Gl g [1E(8) [l = Gl g | ]| 1

s€ Re>0

< 00.

Since GF' is holomorphic this shows that GF' € H,' for 1 < p < oo and
IGF iy < 1G] s | F Lty

and therefore obviously

H
Gl gem > M

The case G € L™ follows analogously since GF is measurable. qed

Consider the transfer matrix from Example 2,

mas®+yas+d+g —d
(s) (s) .
G(s) = q__d m152fw1s+d+g ] for all s € C with q(s) # 0,
q(s) a(s)

where, for s € C,

q(s) =mimas* + (m1ye + mam)s® + ((m1 +ma)(d+ g) + 1172)s°
+ (11d + 72d)(g + d)s + g* + 2dg.

It is easy to see (Hurwitz-criterion) that the polynomial q has all zeros in
the open left half plane Cro.o. Therefore GG is holomorphic and bounded on
Chreno 1€ G|(cRe>0 € H2*?. Since G is continuous on Cg. > 0, Proposition
17 yields

<.

= Sup ||G(iw)||2x2.

Re>0 HgOX2

For the parameters m; =1, my =2, v =1, %2 =2,d =5 and g = 9.81 the
function w — ||G(iw)||ax2 is plotted in Figure 8.
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0.05 Ny

0 ‘ ‘
-0.1 -0.08 —-0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

Figure 8: The norm [|G(iw)||2x2 plotted against w € R.

The maximum of w +— ||G(iw)|| is achieved at w = 0 and has a value of ap-
proximately 0.12. Proposition 27 only yields that the gain of the example
system is not bigger than 0.12. However Proposition 27 does not answer
the question whether this value is a good approximation of the gain of the
considered system.

As mentioned in the Introduction, the value of the operator norm of the
multiplication operator is important in many application, since it is a mea-
sure of how strong an input is amplified. Interpreting the Hyo-norm as the
energy of the input and output, a value greater one for the norm of the
multiplication operator means that the system can “produce” energy, be-
cause there exist inputs such that the energy of the output is higher than
the energy of the input. Obviously the value of the norm of the multipli-
cation operator cannot easily be computed directly. Whereas Proposition
27 shows that the H.,-norm of the transfer matrix G is an upper bound of
the gain of a given system, the following theorem shows that under certain
assumptions on the transfer matrix GG these two values do actually coincide.

Theorem 28
Let n,m € N and suppose that |G € H2*™ | satisfies

- { IBEAGH ) lm > Gl g — }
Ve > 03iwy € iR\{0} : (11)

and | BL {G} is continuous at iwy |.

Then
[ME?]], = 1G] em.

This theorem without assumption (11) can be found in (Francis, 1987), The-
orem 2 in Sub-Section 2.4, but no proof is given and it is mentioned there
that “A complete proof of Theorem 4.2 is not readily available in the litera-
ture”. Although there are proofs now available, e.g. in (Zhou et al., 1996),
Remark 4.2 and in (Vinnicombe, 2001), Sub-Section 1.1.2, a proof is given
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in this work. The reason for this is that the cited proofs are not convincing
and it is not clear how to fix the gaps in their setup. This is discussed in
detail in Remark 32.

Proof.
Suppose that ||G||gnxm > 0, otherwise the claim is obvious.

It will be shown that
Ve>03F. € H : ||F€||H5n =1 and HGF5HH; > ||G||Hgo><m —e. (12)

It then followed, together with Proposition 27, that ||G/|| gnxm were the least
upper bound for HMgZ Hop and the proof were complete.

Fix € € (0, ||G||lg.) and let G := BL{G}.

STEP 1: Showing existence of v > 0, wy € R\{0} and v; € C™ such that
|G (iw)vy || > HGHE&W —€/2 Vw e (=7 +wo,wo+7). (13)
Note that

||é(zw)‘|n><m = Omax [G(ZW)] Viw € 1R

and let G/(iw) be presented as a singular value decomposition (SVD, see e.g.
Theorem 3.1.1 in (Horn and Johnson, 1991)),

<
—

iw)
Giw) = Tumax [é(iw)]ul(iw)vl (iw)* + oy (tw)ug (iw)vg (iw)™, (14)

e
I

where w1 (iw), ..., Upw)(iw) € C* and v1(iw), ..., Ve (iw) € C™ are or-

thonormal vectors, r(iw) € N is the rank of the matrix G(iw) and
T max [G(zw)] > 09(iw) > ... > (i) (iw) > 0
are the singular values. Then

|G iw)on (i)l = Ouax [Gliw)] (= G (i)l ) Viw € iR, (15)

Note that |G| g, = ”éHLm(iR) by Proposition 17. Invoking Property (11),
choose iwy € iR\{0} such that G is continuous at iwy and

G (iwo) 1 > Gl — /8. (16)
Let vy := v1(iwp), then, by continuity of G' at iwp,
iw — ||G(iw)vi||
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is continuous at iwy. Hence, together with (16), one may choose 7y > 0 such
that (13) is fulfilled.

Fix wy # 0 and v > 0.

In the following F. € HJ}" is constructed so that it has the most energy in
the direction of v; and at the frequency wg. Therefore, scalar functions are
defined which approximates the Dirac impulse on iR at the point iwy. Let
(Fy) € Ly(iR,C)N be a scalar function sequence, then

“(Fy) approximates the Dirac impulse at iwy”
=

{Vv >0: lim ‘Fk(z’w)fdw = O] and [Vk € N : ||Fy| 1 0r) = 1].

k—o0 |w—wo|>v

STEP 2: It is shown constructively that, for £ € Ny, there exist scalar
functions

Sy € Hy - [Skllm; =1 and lim |BS { Sk }(iw)|?dw = 0. (17)

Define, for k € Ny,

wwot 2km
G RC td GO forte[O,‘wo‘],
0, otherwise,

where
L |wol
&= 2k

is a scaling factor. Then

S € LQ(R (C) M Ll(R C) with ”8/€||L2(R20) = 1’

=07 >0

and
& — 0 as k — oo. (18)

Now Proposition 23 yields
S = ,C{Sk} c H21 and ||Sk||H21 =1

and furthermore

2k

e‘w—o‘(iwo—s) 1
Sk(s) = / e s (t)dt = §g—————, forseC,_,.
k e iwy — 8 J Re>0

Note that Sy has a continuous extension Sy = By {S;} : iR — C with

. in( £7 (w—
2kt " Too sin 1557 (w—w0)) w# w
Si(iw) = |wol e (w=wo) 0
k(zw) = lwol

2km
AT w = wy-
|wo? 0
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A simple calculation gives

5 4(&)? 8(&k)?
S 2qd dw = 4 0
/wwo|>v Si(iw)dw < / N g e

fwmwol2y & — wol®

and therefore (17) follows from (18).

STEP 3: Showing existence I, € Hy" with || F.||zp =1 and
IGF] g = Gl e — &

By (18) it is possible to choose ky € N sufficiently large so that

8(&%‘0)2 €
< .
v 2[|Gl3,

(19)

The desired function F. is then

F.:C

—-C" s Sko(‘s)vl

Re>0

and it satisfies
Foe Hy' and  |[Fillmp = [[Skllmpllvrllm = 1.

Note that F. := By {F.} = Sy, v1.

Now

Prop.17 = . ~ .
IGE 2, P / |G i) Fu (i) 2

v

/ 1 i )on |2 (i) Pl

|w—wo|<y

N / (IGIm — 2/2)] Saiw) P
|w—w0<’y

— (G~ =/ (ISl - / S

w—wo|>7y
(17) 8¢
D 6 - </2) (1 - 7’“)

(19)
> |Gl —«

This completes the proof of the theorem.

Remark 29
It is not clear whether there actually exists G € HZ*™ such that Property
(11) is not fulfilled, or whether

{GeHX |G tulfis (11) }
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is at least dense in H7™.

It is easy to see, that for example the class of real rational functions bounded
on C,._, (see Definition 33) fulfil Assumption (11). Transfer functions
G € H™™ which are elements of the Callier-Desoer class MB(0) defined in
(Curtain and Zwart, 1995), Section 7.2 are, by (Curtain and Zwart, 1995),
Property 7.1.7, continuous on the imaginary axis and fulfil therefore As-
sumption (11).

It is stressed that there exists G € Ly (iR, C) such that Property (11) is
not fulfilled for any representation of G: consider for example

Xo iR — {0,1}

where ) C iR is defined as (assume that the rational numbers Q are the
numbers {q1, q2, . . .})

Q =R\ | Bo-s(ig).

a€Q

Then it is easy to see that A(Q) < 1 and therefore

ess-sup|x,, (iw)| = 1.
weilR

Let ¢ € (0,1) and iwy € iR with |x,, (iwo)| > ||X,|lze@r) — € (in fact this
implies x,, (iwo) = 1). Therefore the first property of (11) holds. Choose a
sequence of rational numbers (g,) € QY such that ig, — iwy as n — oo,
Observe that x,,(ig) = 0 for all rational numbers ¢ € Q, therefore x,, cannot
be continuous at iwp, and hence the second property in (11) does not hold.
Since iR\ is open and dense in R this is also true if x,, is changed on a
Lebesgue zero-set.

The following theorem can be found in (Francis, 1987), Theorem 2 in Sub-
Section 2.4, and in (Zhou et al., 1996), Theorem 4.4. Like Theorem 28 in
(Francis, 1987) a proof is not given (it is stated there, that a proof is not
available yet) and the proof given in (Zhou et al., 1996) is not convincing
(see Remark 32, which mainly deals with Theorem 28, but also apply here).

Theorem 30 _
Let n,m € N and |G € L™ | then

Lo
HMG

= Gl gz

The result of Theorem 30 compared to Theorem 28 might be surprising,
since extra assumptions are not required. However, most problems in the
proof of Theorem 28 occur because of the “bad” properties of the function
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space L. The essential difference between both theorems is the space of
“input functions”. In Theorem 30, all functions F € LY are allowed and
therefore the “bad” properties of Lo functions can compensate those of the
L., function.

The main idea of the proof to Theorem 30 is again to construct an input
function F. which has the most energy in the direction and at the frequencies
where G takes its largest values. This is done by a kind of approximation
to the Dirac-impulse which depends on the transfer matrix G. In contrast
to this, the approximation of the Dirac-impulse in the proof of Theorem
28 only depends on the frequency wy where the Dirac-impulse should be
located.

Since G is not necessarily continuous at iwy it is not sufficient to consider
only one fixed direction v(iwy) € C™ as in the proof of Theorem 28. One is
interested in the value ||G(iw)|lnxm = |G (iw)vy(iw)]||n, where vy (iw) is the
first singular vector of G(iw) (see SVD, (14)). Therefore, if the mapping
iw + v1(iw) should be used in the construction of F’E, then it must be at
least Lebesgue measurable. That the first singular value singular value can
be chosen measurably shows the following lemma.

Lemma 31
There exists a Lebesgue measurable mapping

vy C™ — S A vy (A)

such that
[Avi (A)]| = [[A]| VAeC™™.

Proof. The mapping
S:CM xS =R, (4,0) = [|Av]ln = | Allnsm,
is continuous. Then
STH{0}) = { (A, 0) e CV™ x 8™ | [|Av[ln = | Allaxm }

€ B(C™™) @ B(S™ 1)
C L(C™™) @ B(S™ ),

where B(C™™) and B(S™!) are the Borel o-fields of C™™ and S™!,
resp., and £(C"*™) is the Lebesgue o-field of C™*™.

The graph of the set-valued map (or multifunction)
Vi€ = BN, A {0 eS™ | Avlln = [ Allnxm }

is then S71({0}). By completeness of £(C™*™) under the Lebesgue measure
Theorem II1.30 together with Theorem II1.6 in (Castaing and Valadier,
1977) yields that for V) there exists a measurable selection

vy CnXm N Sm—l7

i.e. vy is Lebesgue measurable and v (A) € V1(A) for all A € C™*™. aed
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Proof of Theorem 30 Set, for ¢ > 0,
Se = { iw € R | Gl > 1Gllpciimy — ¢ }
= (iw = | G(iw)llnxm) ™ (1G]l o imy — €, 00)),
which is a Lebesgue measurable set with positive measure. If the measure of

S, is infinite then consider, instead of S, the set S. NBx(0) for sufficiently
large R > 0. Let 6 € (0,00) be the measure of S..

Define

3 9 _
F.:iR—-C", iwr %ngvl(G(iw)) ,

where

v :Cnxm—C™

is defined as in Lemma 31. Since G is Lebesgue measurable, it follows from
Lemma 31 that F. is Lebesgue measurable. Furthermore,

Now

-~ 1 N
IGFlua = 5 [ IGG) Pl

=3 [ 16 m (Gl s

/ 1G9l

S Tl —

In Proposition 27 it was already shown that |G| nxm is an upper bound for

Lo
HM@

and therefore the proof is complete. aed
op

Remark 32
Theorem 4.4 (with Remark 4.2) in (Zhou et al., 1996) and Sub-Section 1.1.2
in (Vinnicombe, 2001) are both stating the result of Theorem 28:

[Mme2]l,, = lIG]

nxm .
HS

A careful inspection of the proofs given there shows that they do not prove
the general case G € HZ™, but only the special case that G is a real
rational function (see Definition 33 and Corollary 35). In addition, their
proofs have big gaps and it is not obvious how to close them. The following
problems occur in both proofs
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(i)

(i)

(iii)

Choosing wg € R such that oy [G’(iwo)] = |G|l gnxm-

In (Vinnicombe, 2001), p. 6, it is mentioned that “there will exist an
wo such that (P (jwo)) = v [z’.e. Jmax[é(iwo)} = |G|l ggnxm |7 and
(Zhou et al., 1996), p. 101, start the proof with “choose a frequency
wy where 7 |G (iw)] [ = Omax [G’(zwo)]] is maximum”. For a transfer

function G € H*™, Proposition 17 only gives G € Lo (iR, Cmm).
The elements of the Lebesgue-space L., are equivalence classes and
it is always only a representative which is considered. Therefore it
cannot be assumed that the essential supremum is achieved at some
point iwy € tR. But even if one only considers piecewise continuous
functions, it can not be guaranteed, that one can choose wy such that
Omnax |G (iwp)] = || G|| ... Consider for example

t  forte(0,1),

9:R—=R, { 0 otherwise. (20)

Even for continuous transfer matrices it is possible that the maximum
is only achieved at wy = oo which leads to technical difficulties.

Approzimating the Dirac impulse for “picking” the value ||G (iwo)||nxm.

Consider a sequence of functions (fi) € Lo(R, C)N with || fi|| @) = 1
and an analogous property as (17). It is easy to see, that for a con-
tinuous (at least at ty) function g : R — C,

/R|g(t)fk(t)|2dt — |g(1§0)|2 as k — oo.

If g is not continuous, then it is not necessarily possible to “pick” the
value ¢g(ty) with approximations of the Dirac-impulse (in particular if
the same approximation sequence ( f3) is used for a whole class of func-
tions g). Consider for example again the function ¢ as defined in (20)
and a sequence of functions (fi,) € Ly(R, C)N which approximate the
Dirac-impulse at to = 1. If the limit limy_.o [ |9(¢) fr(¢)|*dw exists
at all, the value of it depends on the concrete approximation sequence

(fk)keN-

Assuming that ||é(zw)|]nXm = ||é(—lw)||nXm

In both proofs a sequence of functions which approximates the Dirac-
impulse is constructed. In (Vinnicombe, 2001) these are basically

F, = L{fr}

with

eiwot _ e—iwot
fi iR—=>R, 1y sin(wot) = x _

0,2k7 /wq] <t) [0,2k7 /w] (t) 2
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and in (Zhou et al., 1996)
Fy,

- CkX(—ek+u0,w0+€k)u(—5k—w0,—w0+sk)

where ¢, — 0 as k — oo and ¢, = /7/2e. These sequences do
not approximate a single Dirac-impulse at wy but the sum of two
Dirac-impulses at —wo and wo. If [|G(iwo)|lnxm # |G(=iw0)|lnxm,
which is the general case, this would not lead to the desired result.
(Zhou et al., 1996) restrict themselves to the case that |G (iw)||nxm =
|G(—iw) ||lnxm and it is not clear how the general case can be treated.

The underlying problem is that both (Vinnicombe, 2001) and (Zhou
et al., 1996) try to construct a sequence of real valued functions in such
a way that the Laplace transform is the desired sequence of functions,
i.e. approximating the Dirac-impulse. But it is easy to see, that the
Laplace transform F of a real valued function f satisfies

F(3) = F(s),

(the converse is true, too) and therefore it is not possible to construct
a sequence of real valued functions with its Laplace transforms ap-
proximating a single Dirac-impulse at wgy # 0.

Note that in the proof to Theorem 28 the approximation of the Dirac im-
pulse has basically the form

fo R—=C, t— X(0,2km /o] (t)ew()t

which is not real valued at all. But under the assumption G (i) lnxm =
|G(—iw)|lnxm essentially the same proof with the real valued f; as sug-
gested in (Vinnicombe, 2001) will show the assertion of Theorem 28.

In addition to the problems described above, in (Vinnicombe, 2001) it is
not clear why the inequality

lyr — Puglla <

is true for some 3 > 0 and for all k£ € N.

In (Zhou et al., 1996), Remark 4.2, it is assumed that the function f :
C — C? defined in the proof of Theorem 4.4 is in Hy(C,__,,C7). It is

not clear whether a scalar function f € Hy(C C?) exists with

Re>0

Re>0"

‘f| = CX(—E—wO,—w0+5)u(—6+m0,u0+5)’
which is claimed and necessary for the assertion of Remark 4.2.
This work ends with the special case that the transfer matrix G is a real ra-
tional transfer matrix, which is an important case, because as mentioned in

the Introduction, every linear system described by linear differential equa-
tions (1) has a real rational transfer matrix, see also Example 2.
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Definition 33
The real rational subspace of H>* is defined as

Re>0"

[G(s)],, = Z’;;—E:’% for all s € C

RHL™:= ¢ Ge HI™ | pu, qu polynomials with real coefficients,
k=1,....n,l=1,....m
Analogously the real rational subspace of L (iR, C"™™) is defined as

[G(iw)],, = 2% for all iw € iR,

~ kKl 7 qri(iw)
RLY™: =< Ge L™ Pri, ¢k polynomials with real coefficients,
=1,....n,l=1,...,m

Remark 34

It is easy to see that RH™ are exactly those real rational transfer matrices
which entries do not have any poles in Cge>o and are proper, i.e. the degree
of denominator is not smaller than that of the numerator.

The real rational transfer matrices in RLZ™ are those which do not have
any poles on the imaginary axis R.

The following Corollary formulates the results which are covered by the
proofs given in (Vinnicombe, 2001) and (Zhou et al., 1996). The proof of
(Vinnicombe, 2001) is convincing if G € RH™*™, and the case G € RL™
is proven in (Zhou et al., 1996). It is worth noting that the “worst case”
input functions can be chosen to be real valued. The problems mentioned in
Remark 32 do not apply for these two cases, because real rational transfer
functions without poles on iR are continuous on iR and fulfil ||G/(iw)||nxm =
|G(—iw) ||nxm for all iw € iR.

Corollary 35

i) Let n,m € N and |G € RH?*™ | Then
(i) %

IME o, = 1Czem

and for every ¢ > 0 there exists a real (vector-)valued function f. €
Ly(R._,, R™) with unit norm such that its Laplace transform F. € H}"

>0
satisfies

NIGF g = Gl | < e

(i) Let n,m € N and |G € RL™™ | Then

e

= Gl

and for every ¢ > 0 there exists a real (vector-)valued function f. €
Ly(R,R™) with unit norm such that its Fourier transform F. € LJ'
satisfies o .

IGE ||y = Gl | <.
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