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Abstract

We study linear differential-algebraic equations and investigate decompositions with respect to controllability prop-
erties. We show that the augmented Wong sequences can be exploited for a transformation of the system into a
Kalman controllability decomposition (KCD). The KCD decouples the system into a completely controllable part, an
uncontrollable part given by an ordinary differential equation and an inconsistent part, which is controllable in the
behavioral sense but contains no completely controllable part. This decomposition improves a known KCD from a
behavioral point of view. We conclude the paper with some features of the KCD in the case of regular systems.
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1. Introduction
We consider linear constant coefficient differential-algebraic equations (DAESs) of the form
Ex(t) = Ax(t) + Bu(t) (1)

where E,A € R, B € RI*™. The set of system models given by (1) is denoted by X" and we write (E,A,B) € £.*".
DAE:s of the form (1) naturally occur when modeling dynamical systems subject to algebraic constraints; for a further
motivation we refer to [8, 10, 12] and the references therein. The DAE (E,A,B) is called regular if [ = n and
det(sE — A) € RJs] \ {0}; otherwise it is called singular. We stress at this point that our main result concerning the
Kalman controllability decomposition (KCD) holds for the regular as well as for the singular case.

There is a canonical equivalence notion for DAEs in X/ given by
(E,A,B)= (E,A,B) <= 3Se€GL,,TcGL,: (SET,SAT,SB) = (E,A,B),

where GL; denotes the space of invertible real-valued k x k matrices; =is also often called system equivalence, first
ST

~

studied by Rosenbrock [13]. If we want to highlight the involved transformation matrices S and 7' we also write =
instead of 2. The desired KCD, presented later, is a special representative of the corresponding equivalence class
where controllability properties can easily be read off.

The function u : R — R is usually called input of the system, although one should keep in mind, that in the
singular case # might be constrained and some of the state variables can play the role of an input.

The tuple (x,u) : R — R" x R™ is said to be a solution of (1) if, and only if, it belongs to the behavior of (1):

Bpap =1{ (xu)e Wi (R = R") x LL(R = R™) | (x,u) satisfies (1) for almost all € R },

where £ and #,}. denote the space of locally (Lebesgue) integrable or weakly differentiable functions with lo-

cally integrable derivatives (see [1, Chap. 1]), respectively. The equivalence of DAEs translates to an equivalence of
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solutions as follows:

|}

T _
(EaAvB) = (E?AaB) = (X,M) e%(E,A,B) And (T 1x7u) € %(E-,A,B) ’

in particular the input is not altered.
Note that it is possible to consider a slightly larger solution space by only requiring that x € DZj(l)C and Ex € V/Igc,
see [3]; in particular, it is not necessary to assume that x is continuous. However, this leads to some technical
difficulties when studying (complete) controllability and therefore we restrict our attention to the above solution
concept.

In the present paper we are interested in a KCD for general DAEs of the form (1). Recall the well-known result

that for linear ordinary differential equations (ODEs) of the form
x(r) = Ax(t) + Bu(r)

the KCD is given by
o |Anl A By
0= 5" 420+ [5] o, @

where x — Tz is a suitable coordinate transformation such that the ODE z;(t) = Aj1z;(¢) + Byu(t) is controllable. In
particular, the KCD separates the ODE into a controllable and an uncontrollable part. At first glance, a satisfying
generalization of (2) is also available for DAEs (even in the singular case), see [5, Thm. 7.1] (which is based on a
result for the discrete time case in [2]): There exist invertible matrices S and 7 such that

ST (1En En| [An An| [Bi
ean ([ B[ )
where the DAE (E}1,A11,B1) is completely controllable (see the forthcoming Definition 2.1) and the only reachable
state from the origin for the DAE (E2;,A2,,0) is the origin itself. Seemingly, we again have a decomposition into
a controllable and an uncontrollable part. However, in the behavioral approach (see e.g. [11]) the trivial DAE 0 = x
given by (0,7,0) is controllable (because any two trajectories can be concatenated within the behavior), but the above
KCD would only consist of the uncontrollable part. This is an unsatisfactory situation and is due to the fact, that

for DAEs (both regular and singular) certain states are inconsistent and it doesn’t really make sense to label those
controllable or uncontrollable. We therefore propose the following more detailed KCD:

Enn En Ei| [An A A B
(SET,SAT,SB) = 0 Ex Ex|,|0 Axn Ax|,|0 ;
0 0 Es 0 0 As 0

where, as before, S and T are invertible matrices and the DAE given by (E11,A11,B)) is completely controllable.
Furthermore, Ey; is invertible and the DAE (E33,A33,0) is such that it only has the trivial solution. Hence, we now
have the decomposition into a (completely) controllable part, a classical uncontrollable part (given by an ODE) and
an inconsistent part (which is behavioral controllable but contains no completely controllable part). We believe that
this KCD is much more adequate for the analysis of DAE:s as it takes into account the special DAE feature of possible
inconsistent states which play a special role with respect to controllability. When restricting the attention to the case
of regular DAEs, we obtain a further decomposition of the completely controllable part into a classical controllable
part (given by a controllable ODE) and an instantaneously controllable part (corresponding to a controllable “pure”
DAE).

The paper is organized as follows: In Section 2 we introduce the concepts of complete and behavioral controlla-
bility considered in the present paper. We also recall the augmented Wong sequences as the crucial geometric tool
for our investigations and some connections of these sequences with the controllability concepts, the reachable space
and the space of consistent initial values. The KCD for singular (E,A,B) is proved in Section 3 and uniqueness of
the decomposition with respect to the equivalence = is discussed. Finally, Section 4 is devoted to the case of regular
systems and some features of the KCD are highlighted. In particular, the connection between the augmented Wong
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sequences and the original Wong sequences (B = 0) is shown; this is also illustrated in Figure 1.

2. Controllability notions

We recall the concepts of complete controllability and controllability in the behavioral sense and their geometric
characterizations in terms of augmented Wong sequences. Our presentation follows mostly the survey [5].

Definition 2.1 (Controllability concepts). A system (E,A,B) € X" is called

(i) completely controllable if, and only if,
Vxo,x5 € R" Jty >0 I(x,u) € %(EA,B) o x(0)=x0 A x(tf) =Xz,
i.e., it is possible to control the state x(-) from any given initial value xg to any final value x;.

(ii) controllable in the behavioral sense if, and only if,

(x1(t),u1(2)), ifr<0,

V (x1,u1), (x2,u2) € Bgap) Itr > 03 (x,u) € Bpap: (x(t),u(t)) = {(xz(t) (), >

i.e., it is possible to connect any two feasible trajectories via a third feasible trajectory.

Both controllability notions are equivalent for ODEs; however, for DAEs (singular as well as regular) complete
controllability is stronger than behavioral controllability as the latter does not require that the reachable space (see the
forthcoming Definition 2.3) is the whole space; it is defined within the context of the behavioral approach [11] and
hence respects the underlying algebraic constraints.

In order to geometrically characterize controllability, the augmented Wong sequences are an important tool (see [5]
and the references therein) and are defined as follows:

Ygan =R, 7/(;;; 5 =A YEYV (g4 +imB) CR", Vioan) =) Yeas
ieNy

W(%.A,B) = {0}, W(Er/i B) ‘= _I(Ayﬂ(jf,A,B) +imB) CR”, W(TE,A,B) = U WEAB
ieNy

The sequences (”f/(;5 AﬁB))iGN and (7/(’15 AﬁB))iEN are called augmented Wong sequences since they are based on the
Wong sequences (B = 0) used in [4, 6, 7] and which have their origin in WONG [17] who was the first using both
sequences (with B = 0) for the analysis of matrix pencils.

The augmented Wong sequences allow a characterization of the controllability concepts as follows.

Lemma 2.2 (Geometric criteria for controllability [5]). Consider (E,A,B) € £, and the limits /% and W7

(E.A.B) (E.A,B)

of the augmented Wong sequences. Then (E,A,B) is
(a) completely controllable if, and only if, “//(*E’A’B) N Vﬂ(Z’A’B) =R";
(b) controllable in the behavioral sense if, and only if, %E AB) - WEA B)"

Before we can state the Kalman controllability decomposition, we also need the notion of the reachable space
which is crucial for the proof of the decomposition.

Definition 2.3 (Reachable space, for details see [5]). For (E,A,B) € £.X" the reachable space is defined as
K(EaB) = {xf cR” | 1 >03(x,u) € Brap): x(0) =0 A x(tf) = xy }

Note that any reachable state xy € R" can be reached from the origin in arbitrary time ¢ > 0 (i.e., in the definition
above “Jty > 07 can be replaced by “V¢y > 07).



Remark 2.4. In [5] it is shown that Z g 4 ) = 7/<*E ap)" 7/(; AB) hence complete controllability can also be char-
acterized by the intuitive condition % 4 gy = R". Furthermore, it is proved in [5] that the space of consistent initial
values is given by “I/(Z’A_B), ie,{x eR" | 3(x,u) € Bgap) :x(0) =x0 b= “I/(EA_B).

3. Kalman controllability decomposition

In this section we present our main result about a generalized Kalman controllability decomposition (KCP) which
respects the special features of DAEs. In fact, this decoupling can be obtained form the augmented Wong sequences
of the original system, which also yield a simple procedure to obtain the basis transformation. In view of Remark
2.4, this basis transformation can intuitively be obtained from Lemma 2.2: the subspace “//(*E 4.B) N W(E A.B) yields the
completely controllable part, any complement of “//é a5 7/(*E A.B) in ”//(Z A.B) yields an uncontrollable part (since
“I/(*E AB) C %*E AB) is equivalent to ”//(*E ap) N ”//(*E AB) = ”1/(*E Al B)), and any complement of ”f/(*E AB) yields a behavioral
controllable part that is not completely controllable (i.e., a subspace of inconsistent initial values).

Theorem 3.1 (Kalman controllability decomposition). Consider (E,A,B) € L™ and the limits ”f/é p) and 7/(2 AB)
of the augmented Wong sequences. Choose any full rank matrices Ry € R Py ¢ R™™ O € R R, e R*h p, €
R>2 0y € R*B such that

imR; ®imP, = 7/(*E’A,B), imR, ®imP, = E“I/(Z’AYB) +imB,
im[Rl,Pl]@ile =R", im[RQ,Pz]@iszle.

Then T := [R1,P;,Q1] € GL, and S := [Ry,P>,0>] ! € GL; transform (E,A,B) into KCD:

7 [ |Enl En Eiz| |An A Ap| |Bi
(E,A,B) = 0 Ex Ex|,| 0 Axn Axp|,|0 3)
0 0 Ej 0 0 As;x| [0

[}

where
(i) (E11,A11,B)) € YAy 1 = tk[E11,B1] < ny +m is completely controllable,
(i) (Ex,A2,0) € T2XM it Iy = ny and Eas is invertible,
(iil) (E33,433,0) € T yith I3 > nj satisfies tkc (AE33 — Asz) = n3 forall A € C.

Proof. Step I: First observe that the subspace inclusions

E(Vgapy VY gan) S (EV Eap +imB) N (AW g 4 g +imB),
AV gap) Y Eap) S (EV g ap +imB) N (AW g 4 g +imB),
EVgap S EVpap TimB,
AV pap) S EV g ap +imB,
imply existence of Eyy,...,E33 and Ay, ...,A33 such that
ER, = REq, ARy = R)Aq,
EPL = RyEpp+PE», APl = R)Apn+PAx, 4
EQ) = RE;+PE3+QOiE;, AQr = RAjiz+PA3+0As;.

Since imB C (E#* 4+imB) N (A% * +imB) = imR,, there exists B; € R*™ such that B = R,B;. All these relations
together yield the decomposition (3).



Step 2: We show (i) by proceeding in several steps.
Step 2a: We show that (Ej1,A11,B)) is completely controllable.
By Remark 2.4 we have for the reachable space that

A (EnB) = 7/(Z,A,B) n W(EA,B) =imR; = T(R" x {0}">7").
Since any (z,u) € B (spr sar,58) With z = (z]25,23) " € #L(R— R") and z(0) = O satisfies

Enzi(t)+Enz(t) +Einz(t) =Aia(t) +Anz(t) + Asza(t) + Biu(t),
Epniy(t) + Exia(t) = Aonza(t) +A23z3(1),
E3323(t) = A33z3(1),

the assumption that
Vt>0: z(t) € Z(sprsar.sB) = Tﬁl%(E,A,B) =R" x {0}"=""™

leads to zo = 0 and zz = 0. This implies that
%(SET’SAT‘SB) = ‘%)(En Ar1,Bp) X {0}n2+n3

and hence we find Z(g,, 4,, 5,) = R", which according to Remark 2.4 is equivalent to (E11,A11,B1) € xhxm being
completely controllable.

Step 2b: We show E(¥j; 4 g\ VW o py) +ImB = (EV(}, o py +ImB) N (AW}, 4 ) +imB).
The inclusion “C” was already observed in Step 1. For “2” let x € (EA//EAB +imB)N (AW(EA_’B) +imB), i.e

x=Ev+by =Aw+ b, for some v € 7/(Z,A,B)7W S 7/(*5,A,3yb17b2 € imB. Then
veE Aw+by—b1} CE (AW 4 gy +ImB) = W} 4 )-

Therefore, v € ”//<*E’A7B) N ”//(*E’A’B) and hence x =Ev+b; € E(”V(*EA’B) N 7/(EA B)) ~+imB.
Step 2¢: We show that tk[E1,B1] = 1.

Since imRyE|; =imER| = E(V; N,

(EAB) we find that

EAB)

imR;[Evy,B1] = E(V (g o p) V¥ (g ap) +1mB =imR,,

where the latter equality follows from Step 2b. Therefore, full column rank of R, implies im[E;,B;] = R/l and hence
L= rk[Ell,Bl] <r1kEj; +1kB; <ny+m.

Step 3: We show (ii).

Step 3a: We show that (E (7}

(E,A,B) NH;
Clearly,

(Eap) HIMB) &IMEP =EY(; , p +imB.

EY (g ap +imB= E((“//(EAB QV/EAB)EBlmPl)—HmB E(Ygap Y Eap)+HIimMEP +imB.

It remains to be shown that the intersection is trivial. To this end, let x € (E (”I/(*E ap) 7/( A B)) +imB) NimEP, i.e.,

x=Ey=Ev+bforsomey¢€imP,v € 7/(2,A,B) N %Z,A,B)’b € imB. Then E(y —v) = b and hence
y—veE {b} CE”(imB) = 7/(115,/4,3) S Eap)-

This implies y € #*NimP; = {0} and thus x = 0.
Step 3b: We show that I, = nj.



‘We have that

h=rkP,= dim(E¥ g, p)+imB) —dim ((Ea//(z,A,B) +imB) N (AW (g 4 ) +imB))

Step 2b _. % . . % % .
= dim(EY (g 4 ) +1mB) — d&im(E(¥(g 4 ) N #(f o p)) +1mB)

Step 3a . i i . . . . . i
P adlm((E("f/(EA,B) N g a5) +imB) ®imEP,) —dim(E(¥(g 4 gy N #(£ ap)) +1mB)

= I'kEP] :I'kpl =ny,

where tk EP; = rk P; follows from the facts that kerg E C W(*E AB) and %z AB)
Step 3c: We show that Ej; is invertible.
Let x € R™ be such that E>px = 0. Then it follows from (4) that EP;x = Ry E,x and hence EPyx € imEP; NimR; = {0}
by Step 3a. This implies x = 0 since tk EP; = n; by Step 3b.
Step 4: We show (iii).
Assume that there is A € C and x € C™ such that (AE33 — A33)x = 0. Then (4) implies that

NimP; = {0}.

(AE —A)le =R, ()»E13 —A13)X+P2(2,E23 —A23)x.

Considering the real and imaginary part of the above equation and writing A = y +1iv, x = x; +ix for u,v € R,
x1,% € R" we obtain, invoking that im[Ry, P;] = E”//é_’A’B) +imB,
(LLE—A)QNC[ —VEQx2 EEA//(E.A,B)—’_imB A (,uE—A)Q1x2+vEQ1x1 eEy/(*E,A,B)+imB'

Hence there exist vi,v, € 7/(::/4 B) and b1,by € imB such that

(‘LLE—A)lel —VEQixp = Evi+by, ([.LE—A)Ql)CQ—‘rVElel =Evy,+bs. (®)]
Then AQ;x; = E(uQ1x1 — vQixs —vi) — b1, AQ1x; = E(UQ1x2 + vQ1x1 — v2) — by and hence

01x1,01x; € Ail(imE—f—imB) = 7/(115,A.B)'

Again invoking (5) and noting that both nQ1x; —vQixy — vy and pQ1x; + vQix; — vy are contained in 7/(}5,4 BT
_ oyl .
ﬂI/(TE,A,B) = ﬂI/(E,A,B) we obtain
Q1x1,01% €A™ (Y} o ) +imB) = V3 4 ).

Repeating this procedure yields Q1x1,Q1x; € ”//(z AB) NimQ; = {0} and since Q; has full column rank it follows
x1 = xp = 0 and hence x = 0. Note that the resulting full column rank of A3z also implies that /3 > n3. This finishes
the proof of the theorem. O

Remark 3.2. (i) The full row rank of [E};,Bj] in property (i) of the KCD (3) does not already follow from the
complete controllability of (Ejj,A11,B1). This is due to the fact, that any completely controllable DAE can
be augmented by zero rows (i.e., adding 0 = 0) without altering its solution behavior at all. However, in the
KCD these zero rows will occur as additional 1 x 0 blocks in (E33,A33,0). In fact, the KCD of ([§],[4].[4])
is obtained with the identity transformations S = [} 9] and T = 1, where [; xn; =1 x 1, [ x i =0 x 0, and
13 X n3 = 1x0.

(i1) In contrast to the above, the addition of a row 0 = i for some new input #, without increasing the state space,
does not change the augmented Wong sequences of the overall system. Therefore, these additional rows oc-
cur in the block (E}1,A11,B1) in the KCD and lead to the fact that possibly /; > nj; for instance the system
([(1)} , [(])] , [(1) (1)]) is already in KCD with only a (E}1,A11,B;) block. However, it is always true that [} < nj +m.

(iii)) While /; = np = 0 just means that the corresponding blocks in the KCD (3) are not present, we have seen
above that n3 = 0 does not imply that the corresponding blocks are not present, they just have zero columns.
Analogously, /; = 0 does also not imply that the corresponding blocks are not present, because there might still
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be 0 x 1 blocks present in the KCD (corresponding to free and hence completely controllable variables). For
example, the KCD of the DAE ([0],[0], [0]) consists of blocks of the sizes I} x ny =0x 1, [, xnp =0 x 0 and
I3 x n3 =1 x 0; in particular, 1k[E|1,B1] =0=1;.

(iv) Furthermore, as we have seen in item (ii) above, also n; = 0 does not imply that the corresponding block in the
KCD is not present, since e.g. the DAE ([8] , [?] , [(1)]) is already in KCD with blocks of sizes [} x n; =1 x 0,
lp xnp =0x0and I3 x n3 =1 X 1; in particular, tk[E|,B;] =rtkBy =1 =1,.

(v) From property (iii) of (3) it follows that Z(g,, 4, 0) = {0} and that ({Eél gg} , {A(l]l ﬁg] ; [%‘D as well as
(Es3,A33,0) are controllable in the behavioral sense. The remaining “uncontrollable” subsystem (E»,A2,,0)
is described by an ODE since Ey; is invertible. This is remarkable, since the pencil sE —A € R[S]IX” is not
necessarily regular.

In the following we prove a uniqueness property of the KCD.

Theorem 3.3 (Uniqueness of KCD). Let (E,A,B) € " and S,S, € GLy, Ty, Ty € GL, be such that for i = 1,2

ST, En; Eni Eii| |Ang A Ag| By
(E,A,B) = (Ej,A;,Bi) = 0 Exp; Expi|,| 0 Axn; Axpi|,|0
0 0 Ess; 0 0 Az 0

with corresponding block sizes given by ly ;,n1 ;,1»;,n2,13 ;,n3; and the corresponding blocks satisfy conditions (i)—
(iii) from Theorem 3.1.

Then 11,1 = 1172,1271 = 12,271371 = 13_’1,}1171 =np2,n31 =n22,n31 =Hn32 and, noreover, for some 511 € GLll,l 7ng S
Gle,l ,833 € GLZM ;111 € GLnl‘,] Ty € GL”ZJ ,T33 € GL"3,1 and 812,513,523, T2, T13, o3 ofappropriate sizes we have

that
S Sz Si3 Tiw T, Tis
$87'=10 S» Su|, T7'h=|0 Tn Tn
0 0 83 0 0 T33
In particular,

(Ei,,A1,,B11) = (En2,An2,Big),  (Exn1,A221,0) = (Eng,An0,0), (E33.1,433.1,0) = (E332,A4332,0).

Proof. Without loss of generality we assume that S = I; and T} = I,,.
Step I: Invoking Remark 2.4 we have

R x {O} = ‘@(El A1,B1) = TQ%(ELALBz) = TZ(Rnl‘z X {0})7

and this implies ny 1 = n > as well as

Tiwn Ty Tis
L=|0 Tn D3| forTi €GLy T € R2I72 T3 e RBI7E2
0 T Tz

and Ty2, T3, 123, T3, of appropriate size. Furthermore, we have
+ _ _ _ +
RUITE X {0} = T, 4,.8) = T Y (5y.0,.8y) = T(RM2T722 X {0}),
which together with ny | = ny gives that ny | = ns 2, n31 = n3» and

T3 =0, Tpne Gan‘l , T3 € GL

n3-



Step 2: Partitioning

S Sz Si3
SS=1s S S for S Rhz2xh1 g Rha2xh1 g RB2xB5
2= 921 922 923 orosy; € K5 ;022 € 7,033 € K™ )
S31 832 S33

and off-diagonal block matrices of appropriate size, we find that the equations S, E1T = E, and S,B| = B; yield that

So1
EiaTi,Bi] =0,
{531}[ 11,1711, B1]

and the full row rank of [E}; 1,B)] then gives So; = 0 and S3; = 0. Since S is invertible it follows that /; ; </} .
Reversing the roles of (Ej,A;,B;) and (E»,A2,By) gives [11 > 11 2, whence [} | = [; 2. We further have the equation

8320E22,1T =0

which by invertibility of 7>, and E; gives that S3, = 0. This finally implies I, | = Ly =ny1 = n22, I31 = l32,
S22 € GLy,, and S33 € GLI&l and finishes the proof. O

4. KCD for the regular case

Regularity of the system (E,A, B) implies that equation (1) has a solution for any (sufficiently smooth) input u
and each such solution is uniquely determined by the initial value x(0). Therefore, regularity is often assumed for
the analysis and numerical simulation. Due to its importance, we like to highlight some features of the KCD for the
regular case. For the solution theory of DAESs, the original Wong sequences (with B = 0) play a fundamental role and
we also present the connection between the original Wong sequences and the KCD.

In the following we denote with ”1/(*E ) and V/(g 4 the limits of the original Wong sequences given by

Toay =R Ty =AT(EV ), i€,
%?E,A) = {0}, 7/(?,;1\) =E" (A%%,A))v ieN,
ie., ”// =7 (EA0) and 7/(*E =W (EA0) The original Wong sequences can be used to obtain the quasi-Weierstrass

form (QWF) (or quasi- Kronecker form in the singular case [6, 7]).
Proposition 4.1 (Quasi-Weierstrass form, [16], [4]). The DAE (E,A,B) € X" is regular if, and only if,

can (5 310 9

where N € R"*"2 0 < ny < n is nilpotent and J € R"*™" B} € R">*™ By, € R™*™ pn; :=n—ny. Furthermore, the
transformation matrices T = [T}, T] € GL,, and S € GL,, achieve the QWF (6) if, and only if,

imTy =Y, imTG=W,, S=[ET,AD]"

By Proposition 4.1, the original Wong sequences yield a decoupling of the DAE into an ODE v(¢) = Jv(¢) + Bu(t)
and a so called pure DAE Nw(t) = w(z) + Bou(z), where the latter has the unique solution w = — Z;’ial N (Byu)(;
note that by definition of B g 4 p) we only have u € .,S,’joc, butw e V/Iéc and (w,u) being a solution trajectory enforces
higher differentiability of the input components B,u, see [3, Sec. 2.4.2].

The Wong sequences are coordinate free in the sense that the specific choice of 7 and 75 is not relevant. Once the
QWEF is obtained for a specific choice of the coordinate transformation 7 it is not difficult to obtain a KCD for each

block separately (see e.g. [9]):



Proposition 4.2 (KCD based on QWF). Consider regular (E,A,B) € L}". Then

I 0 Ju Ji2 B
0 I 0 Jxp 0
E,A,B) = , 7
( ) Ny Nip I 0|’ By ™
0 Ny 0 I 0

where I 0 , I 0 , Bu is completely controllable and N1| and N»; are nilpotent.
0 N11 0 1 BZl

Proof. Assume the DAE (E, A, B) is transformed in QWF (6) with block sizes n; X nj and ny x ny and T = [T}, T,
S =[ETy,AT,]~". Then choose Ti1, 12, Ta1, T>; as follows

imTH:im(J,Bl}, im(],Bl)@imTu:R”',
im7; = irIl<N732>7 im(N,Bz> ®imTr = an,

where (A,B) = [B,AB,A’B, ......A"B] for A € R™" and B € R"™™. The transformation matrices

-1
- Tiin T O 0 . Tiin. T O 0
r=[h.n] [ 0 0 Ty Tzz] 5= <[ET1’AT2} [ 0 0 Ty Tzz})

then yield the desired KCD, for details see [9]. O

Clearly, the KCD (7) obtained via the QWF matches the general KCD (3) after a simple rearrangement of the
corresponding blocks, in particular

1 0 J 0 B
(E11,A11,B1) = ([0 N11:| , [ (1)1 I} , [B;]) y (Ex,A2,0) = (1,J22,0), (E33,A33,0) = (N22,1,0).

However, the form (7) is not really satisfactory as its derivation needs two separate coordinate transformations: first,
one needs to transform the DAE (E,A, B) into QWF and then the ODE and pure DAE parts have to be transformed
again. In particular, the latter transformation depends on the chosen coordinate transformation for the QWF (because
J and N depend on T') and is therefore not coordinate free. Furthermore, there is no geometric insight because the
connection to the augmented Wong sequences is not clear.

Now we present a more geometric approach. To this end, we need to introduce certain projectors, defined in terms
of the Wong sequences, cf. [14].

Definition 4.3 (Consistency, differential and impulse projector). With the notation of Proposition 4.1 define the con-
sistency projector

I Of,._
(g a) ::T{O O}T g

the differential projector
I 0
diff . _
H(}sm =T [0 0} S,

and the impulse projector

i 0 0
mp ., __

where the block matrix sizes correspond to the block sizes in the QWF. Furthermore, let
Adiff . pdiffy  pgdiff . [pdiffg  gimp._ qyimpr  gimp ._ fimpg
= , = , = , = .

Note that the consistency projector is a projection onto “//(z ) along 7/(*15 e but the differential and impulse projec-

tors are not idempotent and hence are not projectors in the usual sense. Furthermore, it is easy to see that all projectors
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(and consequently A4, Bdiff gimp Bimpy qo not depend on the specific choice of the transformation matrices 7 and S
(and only on the spaces “//(*E e 7/(2 A)). Finally, observe that

imAdiff C %27A>7 ideiff C 7/(};14)7 imEimp C 7/(2714), Bimp C W(EA)'

With the help of these matrices the connection between the original and augmented Wong sequences can be established
as follows.

Theorem 4.4 (Connection between Wong sequences). Let (E,A,B) € X" be regular. Denote with 7/(;‘: " 7/(2 "
4 V4

(*E A,B) (z A.B) the limits of the original and augmented Wong sequences, respectively. Using the notation from
Definition 4.3, we have

Vean = YEq @im(E™ B™) and Y Ean =Y En @im(A%T, BT,
Proof. Step 1: We show ¥(; , oy = ¥(j; ) @ im(E™P, BimP),
From Remark 2.4 we know that “I/(*E 4,B) equals the space of consistent initial values. On the other hand, from the
solution formula in [15, Thm. 6.4.4] it follows that all (x,u) € B g 4 p) satisfy
v—1

x(0) = H(E,A)C - ;J (Eimp)i(Bimp”)(i) (0),

for some ¢ € R" and v € N such that (E™P)Y = 0 and (E'™P)"~! =£ 0, where it follows from x € #;, and [3, Sec. 2.4.2]
that B™Py € kagl. Since the derivatives of B™Py at r = 0 can be chosen independently of each other it follows that

Xo is consistent < xg € imI1(g 4) +jm<Eimp7Bimp>'
By construction im (g z) = /(5 ), im(E™P, B™) CimTIt, C A ) and ¥, 05 ) = {0}, hence the claim
is shown. ' '
Step 2: We show 7/(2’1“9) = %EA) B im(Adf, pAiff)

: _ -1 _ -1 diff _ p—1 Adiff diff _
F1r§t observe that %;ET,SAT,SB) =T Wgany Viersar)y =T Yigay (SAT)S = T=1A9T and (SB)%T =
T4t SB = T~'BY for any invertible S and T'; in particular, we have the following equivalences:

(SET,SAT)
%E,A,B) _ 7/(27‘4) @im<Adiff,Bdiff> o TﬁlW(z‘A,B) _ Tilyﬂ(*E,A) ® T71 im<Adiff,Bdiff>
& Wisersar,se) = Y(SET.sam) @im((SAT)"™, (5B)*MT).
Hence we can assume in the following that (E,A, B) is in QWF (6). It is then easy to see that
Wy ={0} xR™ and im(A%T BITY —im(J, B;) x {0}
(E,A) ) sy D1

and it remains to be shown that
Yo ap) = im{J,B1) x R™.

With an inductive argument it is easy to see that

i V
W(E,A,B) = { (w)
in particular,

* n v
W(E,A,B) = V/(E,A,B) = { <w>

E|b17b2,...,bi€Rmi ) i1
N'w = Bobi +NByby +...+N'"'Byb;

v=J"'Biby +J2B1by+ ...+ B\b;, }

Iby,ba, ... by €R™:

v=J"'Biby+J"*Biby+ ...+ Bb,
N™w = Byb; +NByby +...+N""'Bsb,,
10



Rn

e '1/(2143)

Figure 1: The relationship between the spaces “I/(’g " 7/(2 " im (AT Bift) im(EimP Bimp)

by
= v |v=J""Biby +J"?Biby+...+Biby, | : | €ker[By,NBy,...,N"By] p xR™,
bﬂ
because N” = 0. In fact, it holds that 0 = N"2 = N"2t1 = ||| = N" which implies that b, _,,+1,bp—pn,42,-..,b, are
free and hence, invoking Cayley-Hamilton, we arrive at
Vg ap) =im{J,B2) X R™. O

Recalling the observations in Remark 2.4 and the findings in Theorem 4.4, we obtain the following.
Corollary 4.5. With the notation of Theorem 4.4 the following holds:
©im(E™P, BimP),

(i) The consistency space of (E,A,B) is given by 7/(27/473) = 7/(27/4)

(ii) The reachable space of (E,A,B) is given by Z( o gy = im (A4 BUTY @y im (EI™P, BI™PY in particular, (E,A,B)
is completely controllable if, and only if,

im<Adiff7Bdiff> ® im<Eimp’Bimp> — R".
(iii) (E,A,B) is controllable in the behavioral sense if, and only if,

im(A%TT gdiffy — Vigay on equivalently, im (A% il S (pa=R"

Proof. Property (i) was already established in the proof of Theorem 4.4. Properties (ii) and (iii) follow directly from
Lemma 2.2 and Theorem 4.4 taking into account the following subspace relationships (see also Figure 1):

im (AN BT C A C Ay IMUETY B C A C Wy VS =R O

Finally, we may obtain the KCD directly in terms of the original system’s matrices (and in the original coordinate
system) as follows.

Corollary 4.6 (Regular KCD). Use the notation from Definition 4.3 and Theorem 4.4. Choose full column rank
matrices P, P, R, Q as follows:

imP, = im(Adiff,Bdiff>, im(Adiff,Bdiff> ®imR = ”//(*EA>,
imPy =im(E™, B™),  im(E™, B"™P) &imQ = ¥} .
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Then T = [[P,P>],R,Q] € GL, and S = [[EP,AP,],ER,AQ]~! € GL, transform the DAE (E,A,B) into KCD (3) with

some additional zero blocks:
I 0 0 0 Jiu 0 Ji2 0 B
(E,A,B) Sg 0 Ny 0 N2 0o I 0 0 B>

1 0 ’ J» 0 ’ 0 ’
Ny 1 0

where [0 , Ju 0 , B is completely controllable and N11 and N»; are nilpotent.
0 Ni 0 I By

Proof. Let T = [P,R,P>,Q] and § = [EP,ER,AP,, Q] be rearranged basis matrices. Then (using the notation from
Proposition 4.2) o
T-1(ANT Iy — im(J,B)) x {0} = im(J1;,B1;) x {0} CR™ x {0},

T-UE™ B™) — [0} x im(N, B,) = {0} x im(Ny1,Ba;) C {0} x R™,

and the claim follows from Proposition 4.2 with transformation matrices 7' and S. O

5. Conclusion

We have presented a new Kalman controllability decomposition for general differential-algebraic systems. This
decomposition decouples the original DAE into an completely controllable part, a classical uncontrollable part (given
by an ODE) and an inconsistent part which is controllable in the behavioral sense but contains no completely control-
lable part. The corresponding coordinate transformations can easily be obtained via the augmented Wong sequences.
For the regular case the construction further simplifies and nice subspace relations become apparent. In particular, a
connection between the augmented and the original Wong sequences is established.
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