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Abstract

Tracking of reference signalsyes( ) by the output y() of linear (as well as a considerably large
class of nonlinear) single-input, single-output system isconsidered. The system is assumed to have
strict relative degree two with (\weak") stable zero dynamics. The control objective is tracking of
the errore=y Y and its derivative e within two prespeci ed performance funnels, resp. This
is achieved by the so called ‘funnel controller:u(t) = ko(t)?e(t) ki(t)e(t), where the simple
proportional error feedback has gain functionsky and k; designed in such a way to preclude contact
of e and e with the funnel boundaries, resp. The funnel controller al® ensures boundedness of all
signals.

We also show that the same funnel controller is (i) applicabé to relative degree one systems, (ii)
allows for input constraints provided a feasibility condition (formulated in terms of the system
data, the saturation bounds, the funnel data, bounds on the eference signal and the initial state)
holds, (iii) is robust in terms of the gap metric: if a system is su ciently close to a system with
relative degree two, stable zero dynamics and positive higlirequency gain, but does not necessarily
have these properties, then for small initial values the fumel controller also achieves the control
objective. Finally, we illustrate the theoretical results by experimental results: the funnel controller
is applied to a rotatory mechanical system for position contol.

Keywords. Output feedback, relative degree two, input saturation, robustness, gap metric, linear
systems, nonlinear systems, functional di erential equatons, transient behaviour, tracking, funnel
control.

1 Introduction

We study tracking of reference signalsyet( ) by the output y() of single-input, single-output system
with (strict) relative degree two and (weak) stable zero dynamics. For the purpose of illustration, we
rst explain our concept for the prototype of linear single-input, single-output systems

x(t) = Ax(t) + but);  x(0) = x°%
y(t) = ox(t);
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where A:b;0 2 R" " R"™ R! " x02 R", hasrelative degree two and positive high-frequency gajn
ie.

cb=0 and cAb>0 (1.2)
and asymptotically stable zero dynamicqequivalently called minimum phase), i.e.
8s2C with Res 0 : det S'”C A g 60: (1.3)
1.1 Frequency domain: high-gain, zero dynamics, internal m odel, tracking

The zero dynamics of a system (1.1) (and also of nonlinear sy@ams) play an essential role for the
design of a controller, see the nice textbooks [20, 21]. We stiuss it on an elementary level and write,
in abuse of notation, f (s) for the Laplace transform of f (t). The transfer function of (1.1) may be
written as

y(s)= c(sl A) bu(s) = % u(s) for coprime, monic q;d2 R[s] such that degd > degq; (1.4)

where the relative degree of (1.4) is :=degd degq and the high-frequency gain is 6 0. By the
Euclidean algorithm,

d(s) = a(s) q(s) + I(s) for somea;l 2 R[s] such that degl < degq, (1.5)

and a straightforward calculation shows that system (1.4) may be written as

_ 1 I(s) :
y(s) = o u(s) @Y(S) - (1.6)
2
y
y ,y

k(s)

A

Figure 1.1: Time-invariant system decomposition

In the decomposition (1.6), see Figure 1.1, the subsystem; : v 7! y has the same relative degree

as (1.4); and the subsystem , :y 7! z is asymptotically stable if, and only if, q(s) is Hurwitz. Recall

that (provided (1.1) is stabilizable and detectable) (1.3) is equivalent to q(s) being Hurwitz, see [10,
Prop. 2.1.2], hence we see that , captures the zero dynamics. Suppose we apply (time-invariat)

derivative feedback of the form

uis) = k(s)y(s)+ upn(s);  k(s) 2 R[s];
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to (1.6), where up is a disturbance or a new input to check stability of the closel-loop system, then
the transfer function of the closed-loop system is

q(s)
[a(s) + k(s) ]a(s) + I(s)

We stress the following observations: (i) If the zero dynamis are asymptotically stable, i.e.q(s) is
Hurwitz, then a Hurwitz polynomial k(s) may be chosen independently of the special structure of the
zero dynamics to yield an asymptotically stable system (1.}. (ii) If the systems entries are unknown
and only the structural assumptions of minimum phase and sig of the high-frequency gain of (1.4)
are assumed, then we may choosk(s) = R(s) such that R(s) is Hurwitz and has coe cients of the
same sign as , and for su ciently large  system (1.7) becomes asymptotically stable.

We illustrate (ii) for relative degree two systems (1.4) which are minimum phase and have high-
frequency gain > 0. Let a(s) = s?+ a;Ss+ ap and choosek(s) = kis+ kg so that kg =  (k1=2)?;
then the zeros ofa(s)+ k (s) are

y(s) = Up(s): (1.7)

q
S10 = M 1' 2a1k1+a% 4a0;
’ 2 2

and for large k; we have approximately s;.» (kg P 2 a1k1)=2 and so the denominator in (1.7)
becomes stable for su ciently large K.
These properties, and generalizations thereof, will be eXpited to design adaptive controllers in the
time domain in the following.
Note also that if we want to track asymptotically some reference signalsyet( ) then the internal model
principle [37, Sec. 8.8] says, roughly speaking, that the fxlback controller has to reduplicate the
dynamics of the class of reference signal by an internal modle This internal model principle can
be circumvented and the controller can be kept simple by weaéning the control objective slightly:
asymptotic tracking is replaced by practical tracking, i.e. the tracking error ultimately gets smaller
than a prespeci ed error bound.

1.2 Classical adaptive control

We now explain the classical concept of high-gain adaptive antrol where the gain is determined
adaptively. To illustrate the idea, we restrict to relative degree one systems (1.1) with positive high-
frequency gain, i.e.

cb>0; (1.8)

and asymptotically stable zero dynamics, i.e. (1.3).
It is well known that proportional output feedback

ut) = ky(t) (1.9)

applied to (1.1) yields a closed-loop system which is stablé k > 0 is su ciently large: for a proof in
the time domain see for example [10, Lem. 2.2.7], a proof in # frequency domain is straightforward
by using the presentation in Section 1.1.

This inherent high-gain property of the system class is usedn adaptive control (see the pioneering
contributions by [3, 23, 24, 26, 36] and for more the survey [2]) as follows: Adaptive control means
that the feedback law (1.9) becomes time-varying

u(t) = k(t) y(t); (1.10)
and the gain is adapted by the output, e.g.,

k()= y(t)?;  k(0)= K% (1.11)



If (1.10), (1.11) is applied to (1.1), then, for any initial d ata x° 2 R", k° 2 R, the closed-loop system
satises limy;  x(t) =0 and limu;  k(t) = ki 2 R. The intuition of this adaptive control strategy
is, roughly speaking, that as long agy(t)j is large, the gaink(t) increases, until nally it is su ciently
large so that the closed-loop system is asymptotically stake. This control strategy, and all variants
thereof, have the drawback that (i) the gain increases monabnically and, albeit bounded, may nally
be very large and ampli es measurement noise and (ii) no trasient behaviour is taken into account; an
exception being the contribution [25] wherein the issue of pescribed transient behaviour is successfully
addressed.

1.3 The funnel controller for systems with relative degree o ne

The fundamentally di erent approach of funnel control, introduced by [14], resolves these drawbacks.
To explain the concept, we stick to the relative degree one & and consider rst only output sta-
bilization, i.e. yt = 0: The simplicity of the output feedback (1.10) is preserved, but the gain
adaptation (1.11) is replaced by L

t Jyi’
where R g! [; 1)is, forsome > 0, a bounded di erentiable function representing the funnd
boundary, see Figure 2.1. Now if (1.10), (1.12) is applied tq1.1), then, for any initial data x° 2 R"
such that the initial output is in the funnel: jex% < (0), the closed-loop system has a unique solution
on R g, the gain k() is bounded, and the output evolves within the funnel: jy(t)j < (t)forallt O.
The intuition of funnel control is, roughly speaking, that t he gain k(t) is only \large" if jy(t)j is
\close" to the funnel boundary (t), and then the inherent high-gain property of the system class
precludes boundary contact. Therefore, in contrast to the aaptive high-gain approach discussed
above, the gain is no longer monotone, transient behavior vithin the funnel is guaranteed, the gain
is not dynamically generated as in (1.11) and does not invokeny internal model. While in adaptive
control the output (or the output error) tendsto O as t!1 , in funnel control we may only guarantee
that limsupy;  jy(t)j < , however > O is prespeci ed and may be arbitrarily small.
Funnel control was introduced in [14] for systems describetby functional di erential equations includ-
ing the class (1.1) of relative degree one systems, i.e. (3,8vith asymptotically stable zero dynamics,
i.e. (1.3). It was generalized to wide classes of systems arths been successfully applied in exper-
iments controlling the speed of electric devices [18]; seéh¢ survey [12] and references therein and
further applications.
As in adaptive control, funnel control becomes a more di cult task if one has to cope with the obstacle
of higher relative degree. Clearly, if (1.9) is applied to a elative-degree-two system, take for example
the simple prototype y(t) = u(t), then the closed-loop system is not asymptotically stable In [15, 16]
the concept of funnel controller has been extended to systemof higher relative degree. However, this
controller involves a lter, the feedback strategy is dynamic and the gain occurs with k(t)®, see [15,
Rem. 4 (ii), (iii)].

k(t) = (1.12)

1.4 Contributions of the present paper

We introduce a funnel controller with derivative feedbackto achieve output tracking of relative-degree-
two systems where a funnel for each output error andts derivative is prespeci ed to shape the transient
behaviour. The funnel controller is simply

u(t) = ko(t)?et) ki(t)e(t); (1.13)

where ko( ); k1() are de ned analogously as in (1.12) with funnel boundaries o() and (), resp.,
and e(t) = y(t) VYref(t) is the error between the output and some desired referencagnal. This simple
controller applied to linear SISO systems (1.1) with stablezero dynamics and relative degree two,
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i.e. (1.3) and (1.2), ensures that the error and its derivative evolve within the funnels and all internal
variables remain bounded. Based on the proof for the linear @&se, we can enlarge the system class to
encompass also nonlinear systems described by functional erential equations. In addition, we are
able to show that this controller also works for systems withrelative degree one, i.e. we can apply this
controller also in the case where only the upper bound two is Rown for the relative degree. Moreover,
if input constraints are present, then the funnel controller is applicable provided the saturation is larger
than a feasibility number. We also show that the funnel controller is robust in terms of the gap metric.
Finally, our results are applied to position control with tw o sti coupled machines; experimental results
are shown.

These results are generalizations of results for relative éjree one systems: standard funnel controller
in [14], funnel control in the presence of input constraintsin [19, 9], robustness of the funnel controller
in [11]. It also presents a much simpler approach than in [151o0 achieve tracking with prespecied
bounds for the relative degree two case.

The structure of the paper is as follows. In Section 2, we intoduce the funnel and state the main result
for linear systems with relative degree two. Further resuls are presented in Section 3: In Section 3.1
nonlinear systems governed by functional di erential equdions are considered, Section 3.2 shows that
the same funnel controller also works for relative degree amsystems, funnel control in the presence
of input saturation is studied in Section 3.3, and a robustnes result is given in Section 3.4. The
application of the proposed funnel controller to a laboratay setup of two sti coupled machines is
described in Section 4. To improve readability, all proofs ae given in the Appendix; however, sketches
of the proofs and intuitions are discussed in the corresporidg sections.

We nalize this introduction with some nomenclature:

p__
iXj = x> X, the Euclidean norm of x 2 R"
iMj = maxfjMxjjx2R™; jxj=1 g, induced matrix normof M 2 R" ™
LY (! M) : the space of essentially bounded functiong: 1! M R ,| R some
interval, with norm
kyki := kykp1 = esssup qjy(t)
Lﬁ)C(I I M) the space of locally bounded functionsy : I ! M R, with
esssup,k jy(t)j < 1 for all compact K |
Wil (11 M) : the Sobolev space ofi-times weakly di erentiable functions y : 1 !
M R suchthaty;:::;y®) 2L (! R)andnorm
P .
kykywii = j!=0 ky@Wk1,i2N,
Wlij)i ('t M) @ the space ofi-times weakly di ergantiable functions y : I 1 M R
such thaty;::;y®2LE (11 R)
k ki1 w1 : some product norm on the productspacd.® (I'! M) W 51 (11 M),
C(l'! M) : the space ofi-times continuously di erentiable functions y: 1! M
R
Note that y 2 Wéiolc)(l I M) implies that y(' 1 is absolutely continuous. Furthermore, we consider

solutions of di erential equations in the sense of Caratteodory, see e.g. [8, Sect. 2.1.2], and \a.a."
stands for \almost all".



2 Funnel control for linear systems with relative degree two

2.1 The performance funnels

The central ingredient of our approach is the concept of two grformance funnels within which the
tracking error e = y Y and its derivative e are required to evolve;yet denotes a reference signal.
A funnel

Fro=f({ J)2Ro Rj'(Mjj<1lg

is determined by a function' belonging to the class

( )

' is absolutely continuous,8t> 0:' (t) > 0 and
G = "R o! Ro

9> 08">0: 1= ., 2Wh [51)1 [;1)

Note that the funnel boundary is given by the reciprocal of ' . This formulation allows for ' (0) =0
which, by 0 = ' (0)je(0)j < 1, puts no restriction on the initial value, hence we are ableto prove global
results. In the presence of input saturations we cannot aller for arbitrary initial values, hence we will
later consider the class ofnite funnels :

G'= '2G 1= 2WH (R ¢! R )

From ' 2 G," it follows that ' (0) > 0, however this is not su cient as there exist funnels' 2 G;
with " (0) > O which are not in G" because of an unbounded derivative(?—t(lz' ). Another important

property of the funnel class G, is that each funnel F- with ' 2 G; is bounded away from zerpi.e.
there exists (depending on' ) such that 1=" (t) for all t > 0. This condition is equivalent to the
assumption that ' is bounded which should not be confused with the assumptionhat 1=" is bounded
corresponding to nite funnels in G" . Two typical funnels are illustrated in Figure 2.1.

(=1="(1) e(t) (t=1="(1)
(0;e(0) —

(0;e(0) —

Figure 2.1: Error evolution in a funnel F- with boundary (t) =1="(t) for t> 0,
left: general funnel casé 2 G4, right: a nite funnel ' 2 G .

As indicated in Figure 2.1, we do not assume that the funnel bandary decreases monotonically;
whilst in most situation the control designer will choose a nonotone funnel, there are situations where
widening the funnel at some later time might be bene cial: eg., when it is known that the reference
signal changes strongly or the system is perturbed by some thration so that a large error would
enforces a large control action.

As mentioned above, we consider two funnels: one for the errand one for its derivative. The main
control objective is to keep the error signal within prespeced error bounds, i.e. within some funnel.
In order to achieve this control objective, we introduce a seond funnel for the derivative of the error.
This \derivative funnel” might originate in physical bound s on the derivative of the error or could be



seen as a controller design parameter. If the error evolvesithin the funnel F. for some' 2 G, then
the derivative of the error eventually has to ful ll

et) < F@=")1) or et)> S@A=)(1);

i.e. at some time the error must decrease faster than the uppefunnel boundary gets smaller or the
error must increase faster than the lower funnel boundary gows. This implies that the derivative
funnel must be large enoughto allow the error to follow the funnel boundaries. Therefore, we consider
the following family of tuples (' ¢;" 1):

(

- "0;'12G;and 9 such that fora.a.t> 0
&= (0'1):Ro!/ Ro R

1=" 4(t) & (1= o)(1)

with corresponding funnel F: | for the error and F: | for the derivative of the error. The nite version
G, is de ned analogously as& by replacing G with G" in the de nition.

2.2 Funnel control for linear systems with relative degree t wo

funnel controller

Yret
)
”t &) system
W ! — N
Yref @) X = Ax + bu > Y
y=¢CX * >y

O—n
B n

Figure 2.2: Closed-loop system (1.1), (2.2) subject to inptdisturbances ug and measurement noisen,
for the latter see Remark 2.2

In this section we show funnel control for linear systems wih relative degree two and stable zero
dynamics. This result is fundamental for various generaliations and aspects considered in Section 3.

Theorem 2.1 (Funnel control for linear systems with relative degree twg. Consider linear sys-
tems (1.1) with relative degree two and positive high-frequency gaini.e. (1.2), and asymptotically
stable zero dynamics, i.e(1.3). Let yef 2W 21 (R ¢! R) be a reference signalug 2L (R ¢! R)
an input disturbance, (F: ,;F:,) a pair of funnels for (' o;' 1) 2 G, and x° 2 R" an initial value such
that

"0 iyret(@) ox%j< 1 and ' 1(0)jyeer(0) cAX%j< 1: (2.1)

Then the funnel controller

uM) = ko(’e(t) ki) e+ ua(t);  e(t)= Y1)  rei(t)
(1) = i) . i 201 (2.2)
ST i) -

applied to (1.1) yields a closed-loop system with the following properties:



() Precisely one maximal solutionx : [0;! ) ! R" exists and this solution is global (i.e.! = 1);
in particular, the error and its derivative evolve within the corresponding funnels:

8t 0: (te(t)) 2F:, and (t;e(t)) 2F: ,:

(i) The input u() and the gain functionskg( ), ki() are uniformly bounded.

(i) The solution x( ) and its derivative are uniformly bounded; furthermore, thesignalse( ), e() are
uniformly bounded away from the funnel boundaries:

8i2f0;1g 9" >08t> 0 : 1= ;(t) j eV)] "i: (2.3)

The proof is in the Appendix; however, we sketch its main idea in the following.

First, assume without restriction of generality, that the f unnels are nite: ' o; ' 1 2 G," ; otherwise there
will exist a local solution on [0;") and we may consider the problem on the interval {=2;1 ) instead
of [0;1 ). Therefore, ; :=1="; denotes the nite funnel boundaries of F: ., i = 0;1. Furthermore,
to simplify the arguments, we assume that the derivatives ofabsolutely continuous functions are
de ned everywhere. Finally, we restrict our attention to po sitive errors €(t), the negative case follows
analogously.

In Section 1.1 we have, although in a time-invariant set up, notivated the gains: ko(t)? for e(t)
(squared!) andky(t) for g(t).

The standard theory of ordinary di erential equations guar antees existence and uniqueness of a so-
lution x() of (1.1) on [0;! ) for some maximal! 2 (0;1 ]. Sincee and e are bounded (they evolve
within the bounded funnels), the minimum phase condition (13) yields that z is bounded and so there
exists a constantM > 0 such that

et) <M + u(t) 8t2][0;!): (2.4)

In particular, if u(t) Othene(t) 0. If we knew that the product ko( )2€( ) in the control law (2.2)
is bounded, then it followed from (2.4) that e remains bounded away from the boundaries of the
funnel F1 because we were able to choosg > 0 in such a way that the following implications hold,
forall t 2 [0;!),

e(t)= 1(t) ™ =) &t) < a(t);

et)y= 1O+ "1 =) et)>  a(t):
Hence, it su ces to prove that kg is bounded or, equivalently, that e is uniformly bounded away from
the funnel boundary, i.e. there exists"g > 0 such that je(t)] (t) "o forallt 2 [0;!). This is the
key step of the proof, it is illustrated in Figure 2.3 and goesas follows.
Consider, for some \small* "o, tg 0 such that e(tg) = o(tg) 2'0 and g(t) < o(t) 2"¢ for
somet <t . Then we show that there exists ("g) > 0 such that e(t) o(t) 29+ ("p)fort>tg
and that ("g)="o! 0Oas"g! 0. This implies that, for suciently small "o > Oandallt O, it
follows that e(t) o(t) "o. We show that the following three properties hold:

Parabolic phaseon [to;t1): |e(t) < M("g)| forsomeM ("g) > Owith M("g)!1 as"o! O.

Linear phase on [ty;t2): |e(t) < ()|

Once in the linear phase, we remain in it untile(t) < o(t) 2"o.

The parabolic phase is characterized by

(P) - &) 1)+ =

|
N



to t1 t2

Figure 2.3: lllustration of the main idea of the proof of Thearem 2.1 showing the parabolic phase on
[to;t1) and the linear phase on {1;t>)

where > 0 is given in the de nition of G, whilst the linear phase is characterized by
(L) @ et) o) 20+ ("0) and (L2) : &t) 1)+ =2
additionally we may assume for both phases that
(PL) = et)  oft) 2%:
Applying (PL) and (P) to the funnel controller (2.2) and for 2 "¢ 0=2, we obtain

1 0 1

WS Tz =

k 1ki + kugks ;

which, together with (2.4), yields the proposed propertye(t) < M (") of the parabolic phase, where
M("9)!1 as"g! 0. Hence the error is bounded by garabola:

MO g2+ B 10+ Bt

k 1ki k ok

8t 2 [to;ty):  et) <

In particular, there exists a maximal \overshoot" ("g) of the error starting at ¢(tg) 2'¢ and we
can show that ("g)="9! 0O as"g! O (here we exploit that the gain ko( ) enters quadratically into
the equation). The parabolic phase is only active as long asR) holds, however if (P) does not hold,
then the property of G yields

e(t) () + =2< H(t);
which ensures that the distance between the erroe and the funnel boundary ¢ increases. Finally,
it can be shown that rst the parabolic phase is active for sone time and either the distance of the
error and the funnel boundary gets bigger than 2 in this phase or it gets bigger than 2 in the
linear phase. Altogether, by choosing'o small enough such that ("g) "o, it follows that the error
is uniformly bounded away from the funnel boundary with e(t) ot) "oforallt O.

Remark 2.2 (Measurement noise) If system (1.1) is subject to measurement nois@() 2 W %1 (R ¢!
R), then the disturbed error signal ise=(y+n) Vei=Y (Yref ) and the funnel controller tracks
the disturbed reference signaly,es n. Now Theorem 2.1 ensures that the disturbed errore and its
derivative e remain within its funnels. Hence, the \real" error remains i n the bigger funnel obtained
by adding the corresponding bound of the noise to the funnebiinds used for the control.



3 Nonlinear systems, systems of relative degree one or two, i nput
saturations and robustness

In this section, we show that the funnel controller (2.2) hasfar reaching consequences. We will show
in Section 3.1 that it is also applicable to a fairly large class of nonlinear strict relative degree two
systems with weakly stable zero dynamics and described by inite-dimensional functional di erential
equations; in Section 3.2 it is shown that the funnel controler is applicable no matter whether the
system is of relative degree one or two; in Section 3.3 we shatlat the funnel controller copes with
input saturations if a feasibility condition is satis ed; a nd in Section 3.4 we show that the funnel
controller is robust in terms of the gap metric.

3.1 Nonlinear and in nite-dimensional systems governed by functional di erential
equations

A careful inspection of the proof of Theorem 2.1 reveals thathe essential property of the system (1.1)
is the existence of constantaVl > 0 and > 0 such that

8t O: M+ u)<et)<M + u(t); (3.1)

i.e. the property that a large u implies a large value fore with the same sign. In the following, see
also Figure 3.1, we show that hence the funnel controller islao applicable to a large class of nonlinear
systems described by functional di erential equations as éng as (i) the system has strict relative
degree two with positive high-frequency gain, (ii) it is in a certain Byrnes-Isidori form, (iii) the zero
dynamics map bounded signals to bounded signals, (iv) the ogrators involved are su ciently smooth
to guarantee local maximal existence of a solution of the clee-loop system. We study the large class
of in nite-dimensional nonlinear systems governed by funt¢ional di erential equations with \memory"
h> O:

y(©) =1 pr (0 Te (y;)(1) + g pg(t); T(y: (1) u(®); Y o = y'2whH ([ h;o]! R) (3.2
where
pripg 2Lt (R o! RP), P 2 N, are bounded disturbances,
f;g 2C(R® RW ! R), W 2 N, sich that
8(p;w) 2 R” RV : g(p;w) > O:

T Tg:C 1)! R)!'L L [0;1)! RWY are operators with the following properties,

loc
whereT = Tf and T = Tg, resp.,

{ T maps bounded trajectories to bounded trajectories, i.e. tlere exists a function :R g
R o! R gsuchthatforall yo;y:2LY( h;1)! R)\C( h;1)! R)

KT (yo; y1)ka (kyoks ;Kyiki );
{ Tiscausal ie. forallt Oandall ; 2C( h;1)! R)?
(= oty D T g = TO) oy

{ T is\locally Lipschitz" continuous in the following sense: 8¢ 09 ; ;c> 0 such that for
allyo;ys; o y12C([ hi1)! Rywith  yozy |y O0and ( yo; V1), ko <

Tho+ Yyoyi+ yi) TOoY) ey, Yo Y1)y
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For relative degree one systems, the operator$; , Tg and similar systems as (3.2) are well studied, see
[29, 13, 14, 17] and [16] for higher relative degree. In theseferences it is shown that: system (3.2)
encompasses linear systems (1.1) with (1.2) and (1.3), anche generality of the operatorsT; and Tg
allows for in nite-dimensional linear systems, systems wih hysteretic e ects, systems with nonlinear
delay elements, input-to-state stable (ISS) systems and auobinations thereof.

We are now ready to state the nonlinear generalization of Therem 2.1 for systems given by (3.2).

Theorem 3.1 (Funnel control for nonlinear functional di erential equa tions with relative degree two).
Consider systems given by3.2). Let y,es 2W 21 ([0;1 ) ! R) be a reference signalug 2L (R ¢!
R) be an input disturbance,(F: ,;F: ,) a pair of funnels for (' o;' 1) 2Gp andy?2W Lt ([ h;0]! R)
an initial trajectory such that

'0(0)iyrer(0) Y(0)j<1 and ' 1(0)jyeer(0) YO(0)j < 1: (3-3)

Then the funnel controller (2.2) applied to (3.2) yields a closed-loop system which also satis es the
properties (i)-(iii) of Theorem 2.1.

The proof is in the Appendix.
Note that (3.2) may be written in block form as depicted in Figure 3.1.

il CA R G
i Tr (y;y) L
Ho _’@u—) g"‘:’é?zg) Yy = oz« v S >®) > e
T
Pg Pr Yref:  Yref

funnel | €.€
controller

Figure 3.1: Nonlinear system decomposition

Comparing the linear and the nonlinear case, i.e. Figure 1.&nd Figure 3.1, the zero dynamics captured
by , are now captured by T¢. In [20, Sec 4.1] it is shown that for nonlinear (as opposed tdinear)
systems of a relative degree two, the zero dynamics in the Byres-Isidori form are driven byy andy_
(not only by y). Now the weak condition that T¢ is a BIBO operator allows the same design of the
controller as in the linear case. The functiong stands for the high-frequency gain (see in Figure 1.1)
and the assumptions on it ensures that it is uniformly boundel away from zero.
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3.2 Linear systems with relative degree one

One may ask the question as to whether the funnel controller 2.2), which is designed for systems
with relative degree two, also works for minimum-phase systms with relative degree one, i.e. (1.1)
with (1.3) and (1.8). The answer is a rmative.

Theorem 3.2 (Relative degree one case)Consider linear systems (1.1) with relative degree one
and positive high-frequency gain, i.e.(1.8), and asymptotically stable zero dynamics, i.e(1.3). Let
Vief 2W2%1 (R 9! R)\C?%R ¢! R) be reference signalug 2L (R ¢! R)\C(R ¢! R) an
input disturbance, (F-,;F-,) a pair of funnels for (' o;' 1) 2 G\C¥R o! R)?, ' 1(0) =0, and
x% 2 R" an initial value such that (2.1) holds. Then the funnel controller (2.1) applied to (1.1) yields
a closed-loop system which also satis es the properties i) of Theorem 2.1.

The proof is in the Appendix.

The mathematical di culty for application of the relative d egree two funnel controller to a relative
degree one system is as follows: Due to the derivative feedtlg the resulting closed-loop system
yields an implicit di erential equation. To utilize the Implicit Function The orem to prove existence
and uniqueness of solutions, we have to restrict slightly tle class of allowed funnels and reference
signals: ' o, ' 1 and y,es are assumed to be continuously di erentiable instead of jus being absolutely
continuous. Additionally, we assume’ 1(0) = 0 for two reasons: (i) If ' 1(0) > 0, then g(0) has to ful Il
je(0)j < 1="1(0) which might contradict the implicit di erential equati on. (i) If ' 1(0) =0, then u(0)
does not depend oneg(0), hence the implicit ordinary di erential equation is ex plicit for e at t = 0,
which yields existence and uniqueness of at least a local sion starting at t = 0. For details see the
Appendix.

3.3 Input saturation

In many practical applications, the input may be subject to certain bounds: say there is some maximal
bound b > 0 such that ju(t)] b is required forallt 0. In this case the funnel controller had to be
replaced by

u(t) =saty  ko(t)%e(t) ka(t)e(t) + ua(t)
with e( ), ko(), k() as in (2.2) and saturation function de ned by

(

L ; jvj b

sat, :R!f w2R jjwj bg; v 7! saty(v) = v M
bsgnv; jvj > b:

We will show that funnel control is also feasible in the presace of input constraints provided the

saturation is larger than a certain feasibility number.

Theorem 3.3 (Funnel control with input saturation) . Suppose the linear systenfl.1) has relative de-
gree two with positive high-frequency gain, i.e(1.2), and asymptotically stable zero dynamics, i.e(1.3).
Let yret 2W 21 (R ¢! R) be a reference signalug 2L Y (R o! R) an input disturbance, (F: ,;F: ,)
a pair of nite funnels for (' o;' 1) 2 G3' and x° 2 R" an initial value such that (2.1) holds. Then
there exists a feasibility numberfs.as > 0 such that, for any b fas the saturated funnel controller

u(t)=satpy  ko()’e(to) ka(D)e()+ ug(t) ; &)= y(t) Yrer(t)
S i) -

applied to (1.1) yields a closed-loop system which also satis es the prop@s (i)-(iii) of Theorem 2.1.

12



The proof is in the Appendix.

As shown in Theorem 2.1, the input of the closed-loop system1(1), (2.2) is bounded; however, in
Theorem 3.3 we state that a saturated input yields the same rsult, provided this saturation bound is
su ciently large. In fact, we will show that the feasibility bound fss> 0 depends on all parameters
involved in the closed-loop system. In most cases the calcatled fas may be very conservative; in
applications of small dimension, it may be useful. Howeveralready for the position control problem
considered in Section 4f te55 IS much larger than b required in the experiments.

In the remainder of this section, we collect several bounds hich in the end determine ftgs. This
derivation has several consequences: (i) the bounds help tinderstand the interplay between the two
di erent \players" Kko( ) and kq(); (ii) if the entries of (1.1) are known, it may be possible to determine

a sharper numberf ¢o5g; (iii) for simplicity we have considered only symmetric funnels which is a rather
hard assumption, this can be relaxed and the feasibility bomd becomes smaller, see [22] for a more
detailed analysis in a comparable context.

In the following, we consider the closed-loop system (1.1)3.4). Existence and uniqueness of a solution
is treated in the proof of Theorem 3.3. Here we assume that a $ation exists on the whole of R ¢
and we may also assume, without restriction of generality, hat the system (1.1) is in Byrnes-Isidori
form; see [20] and, for an explicit calculation of the transformé&on, e.g. [16, Lem. 3.5]:

y(t) = roy(t) + ry(t) + sz + u(t);, O = &Ko 35
z(t) = py+ Qz; z(0) = 2%

whererg:r1 2 R, s;p2 R" 2, Q 2 R(M 2 n(n 2) 705 Rn 2 By (1.2), the high-frequency gain is
= cAb > 0.

3.3.1 A bound from the zero dynamics
Note that the minimum phase assumption (1.3) is equivalent © the matrix Q being Hurwitz, i.e.
9Mg 19 o>08t 0 :je%j Mge °': (3.6)
Applying Variations of Constants to the second equation in (3.5) and taking norms yields
z t
8t 0:jz(t)i Mqe °%2%+ Mge ° Jjpijy()id  Mqjz%i+ “2kpk kyretks + kejpoqka
0
Writing
My :
M :

Mojz% + M9 kpk [kyretki + K oki 1
| (.QJ J Q. p [KYref 1.>. oK1 ] - (3.7)
jrojk oki + jrajk 1ky +jz7 Mz +maxfj roj;jraj; 1g kyrerkw 21 ;

and observing that

e(t) = roe(t) + rie(t) + s”z(t) + royrer(t) + riyrer(t) Yrer(t) + u(t)

together with the fact that both e and e are bounded since they evolve within the bounded funnels,
we conclude that the key inequality (3.1) holds.

13



3.3.2 Bounds from the parabolic phase

We consider the parabolic and linear phases as described ine&tion 2.2 separately to determine a
su cient large b. In the following we will only consider the case that the erra e is positive, by
symmetry the obtained bound will also be valid for negative erors. Choose"y > 0 such that

0

2"0 ?; where ¢ = itnfO o) >0 and 2 (0) j e(0)j, the latter is positive by (2.1);

and assume the parabolic phase is active on the intervakg;t;). Then, by (P) and (PL),

8t 2 [tosty) : et) o) 20 072 1(t) > €&ft) )+ =2

where > 0 exists by de nition of G. Hence, for allt 2 [to;t1)

ko(t)%e(t)  ki(t)e(t) + ug(t) < W-F + kugks = U, (3.8)
0

and if b Uy, we obtain by (3.1), which is proved in Section 3.3.1,

e < 3M  Uzodlt to)+ elto)t to)+ efto):

Sincee(tp) = (tg) 2'o, we can easily obtain the following su cient condition whic h ensures that
e(t) o(t) "o forallt2[tg;ty):

MM Uz (K ik Fkeki )t t) "o O 39)

Under the assumption
M Uy, < 0 or equivalently, "o< —;

where
Mg:=8(M +2 k 1k; = + Kkugks ); (3.10)

the parabola (3.9) obtains its maximum at tmax >t o which is the solution of
(M Uz )(tmax to)*+(k 1ki + kks )=0:

Some basic calculations reveal that, withMg as in (3.10),

r r
2(k 1k +k ki )? 0 4 AK 1ki +k-pki )4 0
Mo + Mo + M2 < Mo (311)

0<"0 "o:=
together with b Uy, ensures thate(t) o(t) "oforallt?2[ty;tq).

3.3.3 Bounds from the linear phase

It remains to consider the linear phase onf;t,) characterized by
8t 2 [ty;to) : o(t) 20 e(t) ot) "o and et) 1)+ =2

Since 1(t)+ =2 »(t) =2 foralmostallt O, the linear phase ensure(t) o(t) "o for
all t 2 [ty;t2). Thus we have to nd a su cient large b which ensures that we remain in the linear
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phase until the distance of the errore and the funnel boundary ¢ is bigger than 2'g. First observe
that, for 2" 0=2,

Kugks  ko®2e(t) ua(t) < O 4 kugks ;

8t 2 [ti:ty) 8,—,02
0 0

hence the following implications hold for allt 2 [ti;t;) and all "1 2 O; maxf 1=2; =29 , where
1:=infe o q(t):

)= A+ =2 ) ko()’e(t) + kut)elt) Ug> gk k ugky  FE = Up;
= A+ ) k(%0 * kel ug< <G+ kugks 2

= U»

) " : 01+
0

Clearly, by (3.1), for small enough"g and "1 (and corresponding large enoughb  maxf Uz ; U .+ 0)
we can ensure that the set

f(te)2R o Rj t)+"1 e i)+ =29 F -,

is positively invariant, i.e. once in the linear phase we remain there and e is bounded away from the
funnel boundary ;. In fact, with Mg as in (3.10),

S
"o "5 = .o (3.12)
Mg+ 8Kk 4k;
and, with M from (3.7),
") = 172 LM+ kugkl +  kugky (3.13)
k ki 0

together with su ciently large b and (3.1) ensure that

e(t)y= 1)+ =2 ) et) < k ki ;
e(t)= )+ " ) (t) > k 4ky :

3.3.4 Feasibility number

Summarizing, if we set

) ] cx? Yref(0)] .0 .

"0 = min ZO’ 5 "0
..1max = min ?1, E;u—:l.(uE)naX)
and
£ 0 2k 1k K wiks - K oki K wki -
feas -— max 8("8’\3)()2 ud 1 ZI,TaX ("gﬁaX)Z ud 1 ’

then funnel control (3.4) with saturation is applicable if t he saturation is larger than the feasibility
number: b ffeas.
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3.4 Robustness in the sense of the gap metric

We now study robustness of the funnel controller (2.2) in tems of the gap metric [38], see also [27]
and the references therein.

De ne the class of nominal systems (1.1) with asymptotically stable zero dynamics and relative degree
two with positive high-frequency gain:

P:= (Ab;g2R""™ R" R!"™ n2N;(Ab;c satis es (1.2) and (1.3)

Clearly, the funnel controller, as a universal controller, is already robust for disturbed systems within
the classP. However, the aim of this section is to study robustness alsor disturbances of a nominal
plant = (A;b;c) 2 P which yield a disturbed plant € = (&, ®;e) 2 P. We will give su cient
conditions in terms of the gap metric for the funnel controller (2.2) to achieve the control objective if
applied to a disturbed system belonging to the more generalystems class
n o]
B:= (&8e2RI9 RI R' 9 g2N; (&9;eis stabilizable and detectable,e®=0 ) P:

In particular, the disturbance of the nominal plant can yield a plant which has a di erent state space
dimension, has a higher relative degree than two, does not lwa a positive high-frequency gain and/or
is not minimum phase. Note that we do not consider disturban@s which yield a relative-degree-one
system, the reason for this is twofold: (i) due to the implicit nature of the resulting closed-loop
system, we were not able to prove the general robustness rdst@or cb < 0, (ii) we have already shown
in Section 3.2 that the funnel controller works for any minimum-phase, relative-degree-one system
with positive high-frequency gain.

In order to de ne the gap metric between plants in B we rst have to introduce the plant operator
associated to = (A;b;c) 2 B as follows:

P;XoZLl(R o! R)IW ,f;é (Ro! R); uTly; (3.14)
wherex? 2 RYM  dim is such that A 2 R4™ dim 3ndy is the unique output of the intial value
problem:

x = Ax + bu; x(0)= x% y=cx

Sincecb = 0, it is easy to see, that P., o is well de ned and causal, i.e. for allu 2 LY(Ro! R)

it follows that the corresponding output fullls y 2 Wlf);cl (R o! R)andy 0 ) does not depend on

U [+ supdom u) for all 2 domu. With abuse of notation, we write P 2 B if there exists 2 P and

x02 RIM such that P = P, 0. For P 2 I de ne the graph of P as
G = (UP@U) u2L'R ¢! R); P(uy2W?' (R o! R)
We are now able to de ne the gap metric of two systems inf®:
De nition 3.4  (Directed gap metric, [6]). For P1;P, 2 B de ne the (possibly empty) set
Op,p,=f : G, !G p, ] Iiscausal, surjective and (0) =0 g:
The directed gap is given by
CC D0 s >O);

~(Py;P2) ;= inf  sup X 2Gp,; X
20py1p, X Ll w 21 !

|_l w 2;1

with the convention that ~(Pq;P2) := 1 if Op,;.p, = ;.

16



Note that this de nition generalizes the gap metric for linear operators on Hilbert spaces introduced
in [38], see also [34]. Note also, that we here de ne the systegraphs and the gap metric in the signal
space setting of Theorem 2.1, i.eG L ' W 21 . |tis also possible to de ne the system graphs
and the gap metric, resp., in di erent signal space settings This may simplify the calculation of upper
bounds for the gap metric. For purpose of illustration when gstems are \close" in the gap metric, we
consider the following example.

Example 3.5. Consider the linear systemP 2 P, a> 0, given by

0 . X + Ou; y =[1;0]x

X= a2 2 1

and the \disturbed system" 2 B, M > 0, given by

2 3 2 3
0 1 0 0 0
_ 0 0 1 0 é g 0 é ) _ A (e
x_—g 0 0 0 1 X + 0 u, y=[ M;ZL0;0]x:
2a°M?2 4aM? 3a2M 6aM 2M?2 a? 2a 3M 2M
2M (s M)

Their transfer functions are given by g(s) = ﬁ and g(s) = 5 a)2(sr2W(sr M) 'esP-, henceP is
a system with relative degree three, with negative high-fgeiency gain 2M and with a zeroM in the
right-half plane, in particular, the system is not minimum phase. Both system arise from the example
in [27, 6.3.1] by multiplication with s—la Note that the line of arguments in [27, 6.3.1] is incomplete
and we were not able to prove the following estimation for thgap metric dened in LT W 21,
However, if we replaceL® W 21 by Wi W 21 in the de nition of graphs and gap metric, one
can adopt the idea from [27, 6.3.1] to show that

Mli!rln ~(P;®)=0;

i.e. in an arbitrary small neighbourhood of the nominal plan P 2 P, we nd a plant B which has
relative degree three with negative high-frequency gain dnis non-minimum phase.

We are now ready to state the main robustness result. Note thawe have to assume that the funnels
are not nite , the reason being that in the analysis we study the plant and ontroller as operators on
certain signal spaces separately. In particular, the (bouded) signals can have arbitrary big bounds,
and if the funnels are nite, we could in general not guarantee existence of a local solution for large
\inputs" to the funnel controller operator because the values att = 0 might not be contained within
the funnels.

Theorem 3.6 (Robustness of the funnel controller) Consider funnel controller (2.2) with in nite

funnels F+ ;F+,, (' 0;' 1) 2 GenGy, input disturbance ug 2 LY (R o ! R) and reference signal
Viet 2 W21 (R g ! R). Let 2 P be a nominal system with associated zero-initial-value pta
operator P. o given by (3.14). Then there exist functions :(0;1)! (0;1)and :B! (0;1) such

that, for €2 B, g2 2 RIM™® andr > 0,
(9% + k(ug;yreNkis w 22 1~ (PioiPeg) (1) (3.15)

implies that the closed loop of disturbed planP, ., and funnel controller (2.2) works, that means the
properties (i)-(iii) of Theorem 2.1 hold.

The proof is in the Appendix.

Theorem 3.6 also holds true forug 2 W3™ and yer 2 W21 | which allows a simpler calculation of
upper bounds for the gap metric, see Example 3.5.
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Remark 3.7. Given an input disturbance uyg and a reference signalyer With K(uqg; Yref)K 1 w 21 C
for some C > 0, and chooser > C . Then properties (i)-(iii) of Theorem 3.6 ensure that for any
disturbed plant € 2 B which is \close enough" to the nominal plant 2 P, i.e. for which the directed
gap metric is smaller than (r), the funnel controller will also work for the disturbed plart P%o 2 B,

whenever the initial valuee® of P, , is \small enough”, i.e. j% < (r C)= ().

4 Experimental results

In this section we consider a simple rotatory model for the shndard position control problem and will
apply the funnel controller to a laboratory setup of two sti coupled machines, see Figure 4.1.

Figure 4.1: Laboratory setup of rotatory system: sti coupled machines (drive and load)

4.1 Standard position control problem

The mathematical model of a rotatory system (translational is similar) with actuator for position
control is given by

q 01 0 , 0
aX(= 5 o x®+ 1 sak, UM+ ua®) u(t) (Teox2)(t) 5 x(O)= o

y)= 1 0 x(t);

(4.1)

where the state variablex(t) = ( (t); ( t))” represents angle (t) and angular velocity ( t) = (t) at
time t 0 in [rad] and [rad=s], resp.
In the \real world", the drive (or load) torque is generated by a saturated actuator comprising inverter
and machine (with current/torque control-loop), that is a n onlinear dynamical system. Since its
dynamics are very fast, e.g.u(t) saty, (u(t) + ua(t)) for ju(t) + ua(t)j 0a (see e.g. [30, pp. 775{
779]), we model the actuator by the (small) disturbanceua 2L (R o! R)[Nm] and the saturation
saty, () with ba > O[Nm]. Theinput u( ) [Nm]represents the "desired’ drive torque. It is additionally
corrupted by an external load disturbanceu, 2 L (R ¢! R) [Nm] and friction modelled by an
operator Tuo : () 7! (Tgo )( ) [Nm] explained in the next section.
The moment of inertia > 0[kg m?] is a constant, the reciprocal of which is the high-frequeng gain
'=(1;0) 83 13 =1= > 0. The in uence of gears and elasticity in the shaft is negleted. Note
that if a gear is applied and yields a negative high-frequeng gain, then the gainsko(t)? and ki(t) in
funnel controller (2.2) have to be modied to  ko(t)2 and ky(t), resp., and the same results hold
true.
The output y() = () and its derivative y() = ( ) are available for feedback and corrupted by
measurement noisen 2 W21 (R ¢! R). The control objective is tracking of a reference signalyes( )
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and its derivative in the presence of input constraints. Although in many applications derivative
feedback is a problem, in the present setup of sti coupled mahines, or more general in joint position
control of robotics it may be justi ed, see e.g. [31, pp. 210213 and 290-292].

We will show that (4.1), without saturation, is in the system class (3.2), hence Theorem 3.1 ensures
existence and uniqueness of a global solution. Furthermorene are able to establish inequality (3.1)
and can therefore derive feasibility bounds for the contrdler with input saturation via Theorem 3.3.

4.2 Friction model

Friction counteracts the acceleration of the body in motion. The popular (nonlinear and dynamic)
Lund-Grenoble (LuGre) friction model introduced in [4] cannot reproduce hysteretic behaviour with
nonlocal memory (see [33]) and nonphysical drift phenomenanay occur for small vibrational forces
(see [5]). However, it is adequate for the position control poblem since most of the friction e ects
observed in \reality" are covered: e.g. sticking, break-avay (and varying break away forces), pre-sliding
displacement and frictional lag; moreover, stick-slip andhunting for controllers with integrational part
can be reproduced (see e.g. [4, 28]) and it can be rendered pag [2].
To explain the Lund-Grenoble friction model, we rst introd uce, following [28], the Stribeck function:
For Coulomb friction torque uc and static friction (stiction) torque us such that 0 < uc Us,
Stribeck velocity s> 0, stiness ¢ > 0 of the bristles and s 2 [1=2; 2], let the Stribeck function be
given by

‘R! [uc= o;us= gf; 70 oY uc+(us uc)exp U= s)s (4.2)
The function () covers the Stribeck-e ect (Stribeck curve): a ‘rapid' deaease in friction for increasing
but very low speeds close to standstill [32].
Next, the dynamics of the average bristle de ection#( ) of the asperity junctions is modeled, for some
angular velocity 2LL.(R o! R)and initial average bristle de ection #° 2 R, by

#= (0 oy an #0)= #: @.3)

The damping (of the de ection rate #( )) and the viscous friction is modeled, for ;; »; p > 0 and
p; v 1, by
o :R! [0 1]; 70 qexp 03=0)®  gnd  y:R! R, 7' 5 jVsgn():

We are now ready to de ne the friction operator mapping the angular velocity to the friction torque
and which is parameterized by#°

Teo: LY (R o! RIL Y(Ro! R)

()7 o#(y*+ bp() J—J() #(y + v(); where# , solves (4.3).

(4.4)
Some care must be exercised to show that (4.4) is well-de nedWe rst show that the initial value
problem (4.3) has a unique solution for each 2L! (R ¢! R)

#(y:R o! max us= o;j#°% ; max us= o;j#’]
Existence, uniqueness and extension oR ¢ follows from the standard theory of linear, time-varying
di erential equations; furthermore it is easy to see that if j# )(t)] us= o, then
#()
(

S H#OM? = 20 (D | sgn #iz)(t)( t)}+ D () 0

2f  1;0;1g
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and hencej# ( y(t)j maxfus= o;j#%g forall t 0. Therefore, we have, forall 2L (R o! R),
KTuo() Ky omax S0 + ik k; 1+ u—o max SS:#% o+ ok Ky (4.5)
0 c 0
and soT4o is well-de ned.

Let

f(pw) = 2(p+w); p():= u()+ ua®); gpiw):= = Tr(y;¥):= Ty(y; h:=0:

Then (4.1) without saturation reads as (3.2) and fullls all its properties. Hence, for any funnels
F-, and F | with (' o;' 1) 2 Gz, Theorem 3.1 ensures existence of a global solutior : [0;1 ) !
R? of the closed-loop of the unsaturated system (4.1) and funrecontroller (2.2); in particular, y
and its derivative y evolve within the funnels F ; and F: , around the reference signaly,es and its
derivative Yyet, resp.

Furthermore, if (* o;' 1) 2 GJ', we can also show (3.1) for =1= and

M = ky,efkl + kULkl +SUpfkT#o() kl j ZC(R 0! R) with k kl k 1k1 g : (46)

Note that Theorem 3.3 also holds for nonlinear systems with elative degree two if (1.1) is replaced
by (3.2) (and the corresponding properties described in Sec3.1) and (2.1) by (3.3). Therefore,
properties (i)-(iii) of Theorem 2.1 hold in the presence of hput saturations for (4.1).

4.3 Controller and funnel design

We are now ready to apply the saturated funnel controller (34) to the sti coupled machines in the
laboratory, see Figure 4.1. We have introduced a saturatiorwith b > 0 to prevent destruction of the
actuator and for safety reasons. The considered referencéggal yier : [0; T]! R with T = 40][s] for
the experiment is shown in Figure 4.2.

40

35-

30r

251

20+

15F

10+

5 10 15 20 25 30 35 40
time t[s]
Figure 4.2: Reference signal used for experiment— y.( ) [rad], --- Vref( ) [rad=s]

The functions (' o;' 1) 2 G;' determine the funnelsF. ,, F: ; and their reciprocals by
o®:=( o oexp( t=Te)+ o )= o)+ 1 o 0>0 1Te>0; (47)

resp. Note that o; 12 w1l (R 0! R>0) with k oki = o, kgks :( 0 o)ZTE, k 1ki =
( 0 o)ZTE + 1, k4gk; :( 0 0) :Té and, furthermore, inf; g o(t) = pgandinf; g 1(t) = 1.
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Description Symbol(s) & Value(s) Dimension(s)
=0:3333, | =0:009 kg m?]

Moment of inertia = Dt L,

D
Gain (assumed bounds) =1==2 924 (mn = =2, max =3 ) rad=(Nms?)
Initial values =0, ©9=0 [rad], [rad=s]
Initial reference values Vietf(0) =, Vref(0) =0 [rad], [rad=s]
Input saturation b =7:0 (chosen),bs = 22:0 (speci ed) [Nm]
Disturbance bounds kuaki  0:56 (measured),ku_ ky 4.0 [Nm]

Measured noise bounds knk; 58 10 °, knk;  0:024 fad], [rad=s]
Reference bounds Kyretki = 37:37, Kyretki =6:81, Kyretky =6:05  [rad], [@2], [&¢
Initial boundary values o0)= o0=2, 1(0)=8:853 fad], [rad=s]
Time constant Te =0:8189 [s]

Asymptotic accuracies 0=0:2618, 1=1:5 [rad], [rad=s]
Sampling time (xPC) h=1 103 [s]

Table 1: Systems, implementation and controller design daa

To check the feasibility condition in Theorem 3.3, we collet the implementation, design and system
data in Table 1.
By Theorem 3.3 and neglecting (unknown) friction T,o in (4.6), we conclude:

M =41:14 Mg = 473:72 *,=0:0265 "I = %3 =3:64 10 4 *1 (") = "M = 1:58 10 &;

where we used, based on worst case analysis,= max for calculating M and =, in (3.1) and
hence in the rest of the calculation. Finally, the feasibilty numbers are

by, 2466 10°[Nm] and b 2466 10°+ kupky  2:467 10°[Nm]:

This computed lower bound of b is very large and unrealistic compared to the actually requied
maximal torque of approximately 7:0[Nm] (see Figure 4.3e); it demonstrates how conservative the
feasibility bound of Theorem 3.3 can be. A more careful deriation of the feasibility bound, follow-
ing a related approach in [22], reveals the following: A mainreason for the conservative bound is
that the time-varying nature of the funnels is not taken into account. In fact, for constant funnels
1="¢ oand 1=" 4 1 and known , one obtains the much more realistic boundshs,  7:45Nm]
andb 8:01[Nm].

Finally, we illustrate the application of the funnel contro ller to the laboratory setup of two permanent
magnetic synchronous machines, two power inverters, a rente host for monitoring and a real-time
XPC target rapid-prototyping system. Figure 4.1 depicts the coupled machines { drive and load.
Both machines and inverters are identical in construction. Each machine is driven by its own power
inverter. The actuators generate the torquesu( )+ ua( ) and u_ (), resp. The build-in encoders of the
machines provide position (and velocity) information and dlow eld-oriented control of each machine.
The motor drive accelerates or decelerates = p + | (the sum of drive p and load | inertia),
whereas the load drive emulates external loadsi, . Due to the sti shaft and an appropriate ratio
L= p =2:7% (see Tab. 1), the coupling can be considered sti regardig the operation bandwidth
< 10[MHz]. The dynamics (faster than 1 10 3[s]) of each actuator are negligible compared to those
of the mechanical system (4.1) (see also the experiments ing [7, 18]).
Figure 4.3 depicts the measurements for the funnel controdir (3.4) at the laboratory setup. The
control error and its derivative remain within the prescrib ed funnel (see Figure 4.3 b,d). The control
gains are adjusted \instantaneously" (see Figure 4.3 f) so lhat boundary contact is excluded. The
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Figure 4.3: Experimental results of the controller design & the laboratory setup

funnel controller is capable of tracking the time-varying reference (see Figure 4.3 a,c) with prescribed
accuracy (see Figure 4.3 b,d) also when load torquesg; () 6 O are induced (see Figure 4.3 e). Noise
ampli cation (see Figure 4.3 e) and \oscillations" in gains, speed and torque (see Figure 4.3 d,e,f) are
acceptable.
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A Appendix: Proofs
To simplify the notation we introduce, for (' o;' 1) 2 G, the funnel boundaries

i(O;1)!Y (0;1); t7M1="(); i=0;L (A.1)
A.1 Proof of Theorem 2.1: Funnel control for linear systems w ith relative degree

two.

Without restriction of generality, we may assume that system (1.1) is in Byrnes-Isidori form (3.5). The
main di culties in proving Theorem 2.1 is rst that the close d-loop initial-value problem (1.1), (2.2)
has a potential singularity (a pole) on the right hand side of the di erential equation and, secondly,
to show that the solution does not have a nite escape time, ie. exists globally on [Q1 ).

Step 1: We show existence and uniqueness of a maximal solutio
De ne, for (' 0" 1) 2 Gy,

D:= ( o, 1;)2R o R R R"2 ( o)2F ,; (t 1)2F, (A.2)
andf :D! R" by
0 0 1
0, 1 VYeer(D+ o 0 Yeet () o2 o o
f(t o 15)= % e s ret (1 Y T o onZ T 2007 1 €.
[pio] Yo 0+ Q

The relative degree two condition (1.2) implies = cAb > 0, and the minimum-phase condition (1.3)
is equivalent to Q being Hurwitz, i.e. (3.6). Then the initial-value problem ( 3.5), (2.2) may be written

as 0 1 0 1 0 0 1
e(t) e(0) cX”  Yref(0)
4 @A = T (Ge(n):e()iz(t);  @e(0)A = QeAX®  ye(0)A : (A3)
2(t) z(0) 2°

Clearly, f is locally Lipschitzin o; 1 and and measurable int, hence the theory of ordinary di er-
ential equations, see e.g. [35, Thm. 11Ix10.XX], ensures existence of a unigque absolutely continuau
solution (e;e;2):[0;!)! R R R" 2 0<! 1 ,whichis maximally extended, i.e. the graph of
the solution is not completely contained in any compact subst of D.

In the following, let (e;e;2):[0;!)! R R R" 2 be the unique and maximally extended solution
of the closed-loop initial-value problem (A.3).

Step 2: We show that there exist! > 0 such that

foraat2[01): | M+ u(®)<et)<M + u()} (A.4)

By continuity of e( ), e(), z() and the correspondingkg( ), ki( ), there exists" 2 (0;! ) such that
8i=0;18t2[0"] : jet)j j €D)j+1; jz(t)] j 2% +1; ki(t) ki(0)+1: (A.5)

Hence it su ces to consider the interval [";! ) and we may adopt the notation (A.1). By de nition

of G we have thatk ik-q = im1) 10 i =0;1, and hence

8t2[5!): Je()i< o) k ok and  je(t)j< a(t) k gkep: (A.6)
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Applying Variation of Constants to the third subsystem in (A .3) yields

Z
8t2[51): z(t)=e Vz(")+ "te‘“t "Plyrer( ) ()1 d;

and thus, in view of (3.6), (A.5) and (A.6), it follows that
8t2[0;!): kz(t)k My; (A.7)

where, with Mg 1 and g > 0 asin (3.6),
— 0; Mo :
M; = Mq[jiz"j +1] + o kpk [Kyretks + Kk oky ]:

Since, for almost allt 2 [0;! ),
e(t) = rofe(t) + Yrer()] + rofe(t) + Yrer(D]+ 87 2(1)  yrer(t) + u (1);
we obtain, by invoking (A.5) and (A.6), the claimed inequality (A.4) for

M :=jroj [maxfk e(0)k + 1;K okw1 g+ Kyrerky ]+ jraj [maxfj e(0)j + 1;k 1kw1 g+ Kyrerks ]
+ jS>jMz + Kyrerky :

Step 3: We show thafje( )j is uniformly bounded away from the funnel boundary o( ), more precisely:

9">08t2[51): | oft) je)i "of (A.8)

Consider two phases: gparabolic phaseand a linear phase In the parabolic phase the distance of the
error ¢ ) to the funnel boundary () is bounded by a parabola as formalized by Steps 3a. Step 3b
ensures that the \overshoot" of this parabola can be made su ciently small. In the linear phase, the
distance of the error and the funnel boundary grows linearlyas formalized in Step 3c, and Step 3d
ensures that the linear phase remains active as long as therer is close to the boundary.

Step 3a: We show that for'g 2 (0; ¢=2) the following implication holds on any interval [tg; 4]
[:):
h [
o(to) J e(to)j=2"9 " fora.a.t2[to;ts] : &t)sgne(t) (k 1ke1 + k k1 )?=(2"0)

=) 8 t2to;ta]: oft) j &) "o (A9)

First note that there exists a countsable famig/ of pairwise disjoint intervals T; = [_;; 5], 1 21, and
S =(_;7i) ] 23, with [to;tq] izr Til 21 S suchthat

821 1 ofy) je()i=2" " 8t2Ti: oft) jet)] 2%
8 2J : 8t2S;: oft) jet)>2:

On the intervals S;, j 2 J , the conclusion of (A.9) is trivially true, hence we only have to consider
the intervals T;, i 21 , i.e. to show (A.9) under the additional assumption

812 [to;ta] © oft) j e(t)j 2': (A.10)

From o> 2" it follows that sgn e( ) is constant on [tg;t1]. We only consider the case sge() 1,
the case sgre( ) 1 follows analogously.
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Integrating the inequality «( ) (k 1k-1 + k k1 )?=(2"p) twice over [to;t] yields

B2 [toits] ¢ et) eft) UGN )+ ety (t to)
Kk 1ke1

and in combination with the inequality  o(t) o(to) kK —ok=1 (t to) we conclude, for allt 2 [to; t1],

o(t) e(t)

2
o(to), e(to; (kokry +k theg )t to) & lk’ll--lgﬂk’l) (t to)? :
:2"0

The parabolat 7! (k tkr1 + kgkey )(t  to) ~K2kua flolkn Pt to)? attains its maximum at
—_ 2"0 H H n
t to= —— S o1 rKoko with the maximum value "o, hence
8t 2 [to;ta] = oft) et) "o

This proves Step 3a.

Step 3b: We show that there exist§g 2 (0; ¢=4] such that the following implication holds on any
interval [to;t2] [ ) and for all "¢ 2 (0;"o]:

812 [to;ta] : e(t)sgne(t) )+ =27~ o(t) et) 2%
=) for a.a.t 2 to;t1] : e(t) sgne(t) (k 1kw1 + Kk gk 1 )2=(2"0) 1 (A.11)

The condition 2" 0=2 together with o(t) e(t) 2'g on [to;t1] implies that sgne( ) is constant

on [to;t1]. We only consider the case sge() 1, sgne() 1 follows analogously.
The condition g(t) =2 1(t) on [to;t1] implies that
B2t ka(e(ny= — S0 A0 Ak,

1(t) | et
From o(t) e(t) 2'gand 2'g 0=2, it follows that e(t) 0=2 on [to; t1] and hence

8t2ftoits]:  ko(’e(t) g
0
Inserting these inequalities into (A.4) and invoking (2.2) yields
for a.a.t 2 Jto;t1] : €(t) <M 8'—'08 + % + kugks ; (A.12)
whence (A.11) for su ciently small "> 0.
Step 3c: We show the following implication:
8t 2 [ti;to] : e(t)sgne(t) i+ =2 " oft) J e(t)i 2%

=) t 7! o(t) j e(t)j is monotonically increasing on f1;t2]. (A.13)

Note that the presupposition in (A.13) precludes a sign chamge ofe( ) on [ty;t2]. We only consider the
case sgre() 1, the other case follows analogously. Invoking the de nitbn of G,

foraa.t 2 [ty;to] @ —o(t) et) —(t)+ o(t) =2 =2= =
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yields (A.13).

Step 3d: We show that there exists, 2 (0; o=4] such that the following implication holds for any
[ta;tz]  [5!) and any "o 2 (0;"o]:

e(ty)sgne(ty) = 1(ty))+ =2 ~ 8t 2 [ty;tz] 1 oft) | et)i 2%
=) 8 t2[ty;ty]: e(t)sgne(t) 1)+ =2 (A.14)

From 2" o=2and o(t) j e(t)] 2"q it follows that sgn e( ) is constant on [t1;t>], we only consider
sgne() 1 here, the negative case follows analogously.

We show that the existence off' 2 (ti:t,] with e(f) > 1(f) + =2 yields a contradiction to the
assumptions of the implication (A.14). Therefore, choosefy 2 [tq;f) with e(fy) =  1(f)+ =2 and
e(t) 1(t)y+ =2 forall t 2 [fy;f]. Together with o(t) e(t) 2"o we can conclude as in Step 3b
that (A.12) holds for the interval [ f1; ], hence for small enough', and all "¢ 2 (0;"]:

8t 2 [f\l;f\] Det) < K ke
Now, z,
=2<ef)+ 1(f)=et)+ 1(f)+ L o)F a()d < ef)+ 1(f)= =2

whence a contradiction to the choice off.
Step 3e: We show that for su ciently small "y > 0 the claim of Step 3 holds.

Choose"g > 0 such that (A.11), (A.14) and o(") j e")j 2" hold. Seeking a contradiction, assume
that there exists to 2 (";! ) such that o(t2) j e(t2)j <" o. Choosetg 2 [";t2) such that

o(to) J e(to)j=2"0 and 8t 2 [to;tz]: oft) J €t)] 2% (A.15)

Since 2o < o, it follows that e( ) has a constant sign on {p; t2], we consider here only the positive
case, the negative follows analogously. It follows from (AL5) that there exists > 0 such that

fora.a.t 2 (to;to+ ]: -o(t) e(t) O
hence, by the property of G:
fora.a.t 2 (to;to+ ]: et) 1+ > 1)+ =2

and by continuity of e and 1 it follows that e(tg) > 1(to) + =2, hence there exists a maximal
t1 2 (to;tz] such that
8t 2 [to;ta] : e(t) 1)+ =2 (A.16)

Now the implications (A.11) and (A.9) from Step 3b and 3a, re®., together with (A.15) and (A.16)
show that

8t 2 [to;tz] :  oft) e(t) "o

Hencet; <t », which implies g(t;) = 1(t1)+ =2. Combining this with (A.15) and implication (A.14)
from Step 3d yields
8t 2 [t1;to] @ €t) 1)+ =2

Implication (A.13) from Step 3c now gives
o(tz) e(tz)  o(ty) elty)) "o
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which contradicts the choice oft,. Hence Step 3 is shown.

Step 4: We show thate( ) is uniformly bounded away from the funnel boundary 1(), i.e.

9",>08t2["!): \ (1) j et "1\: (A.17)

We have, for"o > 0 as in Step 3, thatko(t)? 1="3 for all t 2 [*;! ) which together with (A.6) yields
8t2[%!): ko(®)je(t) < k oks1 ="3:

Assume”1 minf 1=2; 1(") j €(")jg. Then, in view of (A.4) and (2.2), the following implication
holds for almost allt 2 [*;! )

() jem "1o5)  et)sgnet) <M + Kok 12
0 1

hence, for su ciently small enough "1 > O and a.a.t 2 [*; 1 ),
() je®)) "1 =) et)sgne(t) < k ki1 :

The above implication ensures that the setf (t; )2 [%!) R j 1(t) j ] "1 gis positively in-
variant for (). Hence Step 4 is proved.

Step 5: We show Assertiondi){(iii).

Boundedness ok( ), € ), z( ), ko(), ki() on [0;!) follows from (A.5), (A.6), (A.7), (A.8) and (A.17).
The inequality (2.3) holds on [0;! ) becausek;( ) is bounded,i = 0;1. Therefore, Assertion (i){(iii)
holdif ! = 1 . Let, for "g and "1 as in (2.3) and M as in (A.7),

8 | S ;
) 8i2f0;1g: jej j €V(0)j+1if t2[0"]; =

C:= (tege;z)2[0!'] R R R"? jej  i(t) "i otherwise,
' kzk M, ’
(A.18)
Let D beasin Step 1. Iff < 1 then C( D is a compact subset oD which contains the whole graph
of the solution t 7! (e(t); e(t); z(t)), which contradicts the maximality of the solution. Hence ! = 1 .
This completes the proof.

A.2 Proof of Theorem 3.1: nonlinear systems described by fun ctional di erential
equations

It su ces to show that there exists a maximal solution y :[ h;! ) and each solution ful lls the minor
modi cation of (A.4):

9M > 09 > Ofora.a.t2[0;!) : €(t)sgnu(t) M sgnu(t) + u(t): (A.19)

Then Steps 3-5 of the proof of Theorem 2.1 can then be repeatedentically to prove Assertions (i){
(iii) of Theorem 3.1.

Step 1: We show existence of maximally extended solutiogs: [ h;! ) with! 2 (0;1 ].
De ne

F:[ 1) D R I R% (t(;eoer);(wywy) 7!

' 2 '
Lef (pr(0;wa) + 9Pg()iW2)  TShaz® T iyere t Ud(t)  Yrer(t)
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where
D=f(ep;&n)2[ h;1) R Rj(jjie)2F o (Je1)2F ;@

and de ne the operator P:[ h:1) C( h:1)! R2IL L [0;1)! RW ?hy

loc
P(eo;e1) = (Tr (€0 + Yrer; €1 + Yrer); Tg(€0 + Yre: €1+ Yrer))
where et is extended to [ h; 0) in such a way that yet 2 w21 ([ h;1)! R)and
8t2[ h;0] : ' o(tDiyo(t) Wrer(®)i< 1 and " a(it)jyo(t)  Vrer(t)j < 1:

This is possible since (3.3) and'(g;" 1) 2 G, hold.
Writing 0. [ h;0]! R,t7!t, it follows that x = ( ;e; €) is a solution of

x = F(tx Px)); X[ oy = ( %y Vrefip nop¥° Vet niop)
if, and only if, y = y,ef + € solves the closed-loop system (3.2), (2.2). Finally, [14, im. 5] ensures the

existence of a maximally extended solutiony : [ h;!)! R,! 2 (0;1 ].

Step 2: We show(A.19).
Consider a xed solutiony :[ h;!)! R of (3.2), (2.2), i.e.

foraa.t2[0;!): e(t)=f(pr(t); T(y; V(1) + g(pg(t); Tg(y; VI(D)u(t)  Yrer(t):
Choose" > 0 such that jy(t)j k y°k; +1 and jy(t)j k y°k; +1 forall t 2 [0;"] and since
8t2 [";! ) : Jy(t)J < kyrefkl + k1=’ 0 "1 )kl and Jl(t)J < kMEGfkl + k1= 1 1 )kl ;

the trajectories y and y are bounded on [Q! ), henceT; (y;Vy) [0:1) and Ty(y;y) 1) aré well de ned

and bounded, say byM, and Mt,. Let M, and M, be the corresponding bounds ofx () and pg( ),
then by continuity of f and g

- max fEwj=M;s<1 and  min glp;w)=: > 0
ipi Mpiiwj M, ipi Mpgiiwj Mg

and so (A.19) holds forM = M + Kyetky .

A.3 Proof of Theorem 3.2: systems with relative degree one

The proof is based on the following existence and uniqueness the solution of an implicit ordinary
di erential equation.

Lemma A.1 (Existence and uniqueness of the solution of an implicit ODB. LetD R ¢ R R
R" ! be a non-empty and relatively open set andto; €3;€?;z° 2D. Let F 2CYD! R) be such that

F(to;€9;€9;2% =0 (A.20)
and
@F
8(t;ep;€1;2) 2D @—g(t; €o;€1;2) 60: (A.21)
Consider, forp2 R" 1, Q2 R™ D (" 1) and g2 WLt (R ¢;R), the implicit initial-value problem
0= F(te;e; 2); to) = €°
( ) e(to) (A22)

z=pe+ Qz+g(t);  z(to) = 2%

Then there exists a unique maximal solutione;z) : [to;! )! R R" 1,1 2 (tg;1 ], of (A.22) such
that
graph(e;e;z) = f (t;e(t);e(t);z(t)) jt2[0;!) g D ;

and maximality implies that graph(e;e; z) is not completely contained in any compact subset db.
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Proof. Step 1: We show existence and uniqueness of a local widn of the initial-value prob-
lem (A.22).

Di erentiability of F() together with (A.20) and (A.21) allow us to apply the Implic it Function
Theorem (see, for example, [1, Th. VII.8.2]) to conclude thefollowing: there exist a relatively open
neighbourhoodU R o R R" 1 of (to;€3; 2%, an open neighbourhoodV R of €}, a unique
function f 2 C1(U !V ) such that f (to; €3;z%) = €2 and F (t; eq; f (t; €0;2);2) = 0 for all (t;eg;2) 2 U;
moreover,

8(t;ep;z) 2U : [F(t;ep;e1;2)=0 » eg2V] 0 e, = f (t;eo; 2): (A.23)
Consider next the initial-value problem
4 € _ f(tenz) . eo(to) _ € .
Tz T opet+Qzrolt) L 2t | 20 (A24)

The right hand side of (A.24) is continuous on the relatively open setU and locally Lipschitz in ey and
Z, hence standard theory of ordinary di erential equations (see e.g. [35, Thm. IlIx11.111]) yields exis-
tence of a unique solution €;2) : [to;!)! R R"™ 1,1 2 (tg;1 ], of the initial value problem (A.24).
From (A.23) it follows that this solution is also a unique (lo cal) solution of (A.22).

Step 2: We show that every solution of(A.22) can be maximally extended.
Let (€;2) : [to;!)! R R"™ L 1 2 (tg;1 ], be a solution of (A.22). If | = 1 nothing is to show,
hence assumé < 1 . De ne

)

( 1 ny. (A
20511 2CHto; )! R"); .y =(e2);
Apezy = ( () ° [toit ) ;

that is, the set comprising the solution (e;z) and all proper right extensions of (g;z) that are also
solutions. De ne on this non-empty set a partial order by

(120)) (25200 =20 1 2 and  1()= 2 .-

Let A; be a totally ordered subset ofA .., ). Set
=supf 2[5 1]179(C () 2A19

andlet :[to; )! R" be dened by the property that, for every (; )2A1, i )y= (). Then
(7 ) 2A(ez)anditis an upper bound for A;. By Zorn's Lemma, see e.g. [35, IK7.XIII], it
follows that A (..., ) contains at least one maximal element. Hence there exists a aximal solution
(e:2): [to;! )! R R"™ 1 1 2 (tg;1 ], of the initial value problem (A.22).

Step 3: We show uniqueness of the solution of the initial vaduproblem (A.22).
Let (e;2) : [to;!) ! R", ! 2 (tp;11], and (e;B) : [to;B) ! R", B 2 (tp;1 ], be two solutions of the
initial value problem (A.22). Seeking a contradiction, suppose that there exists a rsttime t; 2 tg;1 )
where the two solutions separate, more precisely:
n 0
ty:=max  t2[tominfl; Bg) (&2 . =(&B) ., 2R

According to Step 1, the corresponding initial value problam (A.22) at t; with initial value ( et;z?) :=
(e(ty); z(t1)) = ( e(ty); B(t1)) has a unique local solution onf1;t1+ ) [to; minf!; kg) for some > O,
hence €; 2) ftites ) = (e;e) it )" This contradicts the de nition of t; and proves the claim of Step 3.

Step 4: We show that the graph of the maximal solutioife;e; z) is not contained in any compact
subset ofD.
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Let (e;e;2) : [to;!')! R R R"™ 11 2 (tp;1 ], be the uniqgue maximal solution of (A.22). An
equivalent formulation of the claim of Step 4 is that the closure of graph(e;e;z) is not a compact
subset ofD. Denote the closure of graph¢;e;zZ) by C R o R R" !and, seeking a contradiction,
assume thatC is a compact subset ofD. Then, rstofall, < 1.

By continuity of F and by construction of C we have

8(t;ep;e1;2) 2 C: F(t;eo;€1;2)=0:

Hence the Implicit Function Theorem ensures, for eachf( ;ey;e;;z ) 2 C, existence of (relatively) open
neighbourhoodsU 60z ) of (t ;ep;z ) and Ve, r?f e, as well as a functionf ez ) 2 Cl(U(t &z ) !
Ve,) such that (A.23) holds. Let W ez ) = (t; eo;el;zg (t;e0;2) 2 Uy ez )s €12 Ve, which
is an (relatively) open neighbourhood of € ;e e;;z ) and (t iepie,2 12c Wit iegiez ) is an open cov-
ering of C.

By compactness ofC we may choose a nite subcovering ofC, in particular, there exist " > 0 and
(t' ;ep;€;2') 2 C such that graph (e;e;2) non) W (¢ el el izt )- Hence, by (A.23), e(t) =
f el el 17! y(te(t); z(t)) on [! 1)), ie. (e;2) o) is a solution of an (explicit) ordinary dif-
ferential equation whose graph is contained in the compact et C. Now an application of [35,
Lem. I1.x6.VI] ensures that this solution can be extended to the closg interval [! "11, in par-
ticular (e(! );e(! );z(1)) =1lim (o1 (e(t); e(t);z(t)) 2 C D iswell de ned and F(e(! );e(! );z(!)) =0.
Hence, by Step 1 with initial time ! and corresponding initial value, the solution can be exteneéd

locally to the interval [!;! ) for some! > ! which contradicts maximality of the solution. This
shows the assertion of Step 4 and the proof of the lemma is cortgie.

Proof of Theorem 3.2:
Step 1: We show existence of a maximal solution.
Without restriction of generality, we may assume that the system (1.1) is in Byrnes-Isidori form, i.e.

y=ry+sz+ u(t); y0)= cx%
z=py+ Qz; 2(0) = 2%

wherer 2 R, s;p2 R" 1, Q2 R(™ 1 n 1) js Hurwitz by (1.3), z2 R" Yand := cb >0 by (1.8).
The closed-loop system (1.1), (2.2) may be written as the fédbwing implicit di erential equation:

ot)= r(e(t) + yrer()) + S 2()  Yer)+ oA 00y
z(t) = p(e(t) + yrer(t)) + Qz(t)
with initial values e(0) = €° := cx® y.(0) and z(0)= z°. ForD R g R R R" !dened
analogously as in (A.2), the implicit ordinary di erential equation (A.25) can be written as
0= F(te(t); et); z(1));
z(t) = pe(t) + Qz(t) + pyrer(t);

with correspondingF : D! R. Some simple observations, taking also into account the almdute value
function j j, reveal that F is di erentiable and

(A.25)

" (1)
(1 ' o(t)jew))?

Since' 1(0) = 0, it follows that (A.25) is explicit in eat t =0, hence

@F
8(t:ep;e1;2) 2D : —(t;eg;e1;2)=1+
(t;eo;€1;2) @ﬁ( 0;€1;2)

' 0(0)€d

FO:e0:e:z)=0 0  &=r(@+ e+ 2% Yer0 G gz * UalO):
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Lemma A.1 now Yyields that there exists a uniqgue and maximallyextended solution (€;2) : [0;! ) !
R R" !of (A.25) with (t;e(t);e(t);z(t)) 2D for all t 2 [0;!).

Step 2: We show existence d¥1 > 0 such that
8t2[0;!): M+ u(t)<egt)<M + u(t): (A.26)
This follows analogously as in Step 2 of the proof of Theorem.2.
Step 3: We show existence dfy 2 (0; ¢=2) such that
8t2(0;1): 1="o(t) j &) "o
Adopting the notation (A.1) and choosing "> 0 as in (A.5), it su ces to show that the set
f(te)) 2[51) R oft) jeo o9

is positively invariant for su ciently small "> 0and o(") j e")j "o. The former clearly follows
if the following implication holds for all t 2 [";! ):

o(t) j e()i="o =) e(t) sgne(t) 1+ =2

because, by de nition of G, 1)+ =2 »(t) =2. Seeking a contradiction, assume there exists
t2 [ )with o(t) j et)j = "o and e(t) sgne(t) > 1(t)+ =2. From "o < (=2 together with (2.2)
and (A.26) it then follows that

= k 1 . k]_
esgnen) <M 2+ — L)
: =

+ Kugky ;

hence, for su ciently small "o, a contradiction to the assumption e(t) sgne(t) > 1)+ =2.
Step 4: We show existence df; 2 (0; 1=2] such that
8t2(0;1): 1="4(t) j et)j "u
Adopting the notation (A.1) and choosing "> 0 as in (A.5) it su ces to show that
st2[!): je() 1(t) "1

for su ciently small ";. Seeking a contradiction, assumge(t)] > 1(t) "1 for somet 2 [*;! ) and
arbitrary small "1 > 0. We only consider the case(t) > 0, the other case follows analogously. Choose
"o > 0 accordingly to Step 3. From"1 1=2 together with (2.2) and (A.26) it follows that

n k 0 [";! )

Ky 1=2

+ Kugky ;

n

a contradiction for su ciently small ";.

Step 5: We show that the maximal solution is global.

Assume! < 1 thenC R o R R R" !denedasin (A.18) is a compact subset containing
graph(e;e; 2) which according to Lemma A.1 contradicts maximality of the solution, hence! = 1
and the proof of Theorem 3.2 is complete.
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A.4 Proof of Theorem 3.3: input saturations

Existence and uniqueness of a maximal solutionge;z) : [0;!') ! R R R" 2 follows similarly

to Step 1 in the proof of Theorem 2.1. Now all the inequalitiesderived in Sections 3.3.1-3.3.4 hold
true on [0;! ) instead of R ¢ and with minor modi cations the steps of the proof of Theorem 2.1 go
through. We omit the details.

A.5 Proof of Theorem 3.6: robustness in the gap metric
A.5.1 Prerequisites

To match the notation of the gap metric, see e.g. [27], we renae the signals from Theorem 3.6 as
follows:
Ug := Ug; Up:= U;  Up:= Up U= kie+ ke
Yo = Yrefs Y1 =Yy, Y2'=Yo Y1= €
Corresponding to this notation, we consider the plant operdor and the operator representing the
funnel controller
Pyo: up7!'yy; Co,rot Y27!uy resp.

Due to possible nite escape time, we introduce theambient signal spaceqd27, Sec. 6.1]

n 0
u:[o;!)! R 8 20! )u, 2L (0; )! R)

n ) 0
y:[0;1)! R 8 2(0;!);u[0_)2W2;1([0; )I' R)

La

W2;l
a
so that the plant and the controller can be considered as the raps

Pyo: LItw 21; C wat o L

01 -

Finally, let the closed loop equations be given by

[Pxo;Cogalt y1=Pyo(u1); uz=C o (Y2); Up = Ur+ Uz Yo = Yy1+ Yo
Theorem 2.1 ensures that for all (lo;yo) 2LT (R ¢! R) W %21 (R ¢! R) there exists unique
(U;y1);(uzy2) 2 LY (R o! R) W 21 (R ¢! R) which solves the closed loop R 0;C ;-]
This implies, in the terminology of [27], that the closed lo@ [P 0;C: ;. ,] is globally well posed and
LL(R o! R) W 21 (R o! R) -stable.
We now study the closed loop B; C: . ,] of the disturbed plant B 2 B and the (unchanged) funnel

controller C: - ,. In general, this closed loop will not generate globally dened solutions, however we
can show the following properties.

Lemma A2. Let('o;'1)2GnG', P2 P and(up;yo) 2L (R 9! R) W 21 (R ¢! R). Then
the closed-loop[®; C ,. ,] has the following properties:

() There exist unique, maximally extended solutiongus;y1);(u2;y») : [0;!1) ! R?, for some! 2
0;1 1.

(i) If (uz;y2) 2L 1 ([0;1);R™M) W 21 ([0;!);R™), then! = 1 andy, andy, are uniformly bounded
away from the funnel boundaries () 1, i =0;1 resp.;

(i) [®;C . ,]is regularly well posed [27], i.e. it is locally well-posed rad

I< 1 =) k(uz;yz)[o;)kLlwz!l as %!
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Proof. (i) Let €= (& ®:e) 2 B and g® 2 RY™ © pe such that® = Pe o The closed loop can then
be rewritten as
x=f(tx); x(0)= &%

where

f:D! R";(t;x) 7!

o(t)? ) .
A+ Buo(®) + B miyem ez o) &)+ Bt G omg (WD) eR);

for
D:=f(tx)2R o R"j(tyo(t) cx)2F ,; (tyo(t) CcAx)2F:, g;
and
y1 = €x; y1 = efx;
Y2=Yo VY1, Y= Yo VY1
. 2 .
U= Ty Y2 Tz UrS U U

Now, as in the proof of Theorem 2.1, the theory of ordinary di erential equations, see e.g. [35,
Thm. Ill. x10.XX], ensures existence and uniqueness of a maximally extded solution.

ii): For t2[0;!), let ki(t)= —— O j=0;1.
(”) r [ L )1 € I() 1 'i(t)jyg)(t)j’ I )
By construction we have' i(t)jyg)(t)j < 1lforallt2]0;!). Note that we may choose" 2 (0;! ) such
that
8t2[0;"18i 21019 : jy (0] | ¥y @i+1 A k() ki(0)+1:

In the following we adopt the notation (A.1), i.e. use -1() to denote the funnel boundaries. We will
show that boundedness ofu, implies boundedness okg( ) and ki( ) on the interval [0;! ). Then the

same line of arguments as in the proof of Theorem 2.1 shows thd = 1 and that y,;y, are uniformly

bounded away from their corresponding funnel boundaries.

Seeking a contradiction, assume (akg is unbounded andk; is bounded, (b) kg is bounded andk; is

unbounded or (c) both kg and ki are unbounded. The cases (a) and (b) can be treated analogolys
therefore consider only case (a) rst. Boundedness ofi, implies that the product k3y, is bounded,
hence unboundedness dfy implies that we may choose a sequencé{)non With t, % ! and Ko(tn) !

1 andy,(ty) ! 0. This is a contradiction becausejy,(tn)j < 0=2 implies o(tg) j y2(tn)j > 0=2,

hencekg(tn) < 2= o.

It remains to consider (c). Assume that ko and k; are both unbounded. Since the (weak) derivative
of  is essentially bounded on'[;! ) and the (weak) derivative of yg), i =0;1, is essentially bounded
on [0;! ) by assumption, it follows that

8i2f0;1g 8s;t2 [! )with t>s :
O 1O |19 [y O kaka sV @ 9)

=1 =k (s) = M; }
Hence, by choosings suchthat0<t s ! sis small enough andk;(s) is big enough it holds that
8M> 08i2f0;1g9s 2[5! )8t2]s;!):
(O =1= (V) ] ¥ - M (A27)

1=ki(si) + Mi(! sj)
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This implies that ki(t) ! 1 ast % ! and therefore, by positivity and continuity of ;, we have
liM o1 jyg)(t)j I () and close to! no sign change occurs foyg), i =0;1. Assume rstthat y, is
positive near! , then chooset 2 [";! ) such that

(A.27) G

foraa.t2t ;1):ys(t) 1(t) > (t):

Hencet 7! o(t) + yo(t) is strictly increasing on [t ;! ) which, in view of limwy,: o(t) | y2(t)j =0, is
only possible ify,(t) is positive on [t ;! ). With the analogue argument we can show that a negative
sign of y, near! implies a negative sign ofy, near! . Altogether this shows that y, and y, have the
same sign neat . In particular, boundedness ofu, implies that both products kgyg and kiyo must be
bounded, which yields a contradiction in the same way as in cses (a) and (b).
(iii): This follows directly from (i) and (ii).

A.5.2 Proof of Theorem 3.6

Since the perturbed closed loop FI?QEO;C- o 1] IS, according to Lemma A.2, regularly well posed we
can repeat the proofs of [11, Props. 4.3, 4.4], see also [27hifis. 6.5.3, 6.5.4] for signal spaces in the
present setting, to show existence of functions and such that (3.15) implies that the closed loop
[Pego:C o 1] Maps (Uo;yo) = (Ud;Yrer) 2L (R 0! R) W 1 (R o! R)to (ug;y1);(y2;uz) 2
LI (R 9! R) W 21 (R ¢! R). In particular, there exists a unique global and uniformly bounded
solution. As shown in the proof of Lemma A.2 (ii), boundednes of (u»;y») implies that the gain
functions kg and k; of the funnel controller are bounded, which in turn shows thda the the error and
its derivative, i.e. y> and y, are uniformly bounded away from the funnel boundaries.

It remains to show that the state variable x of the linear system corresponding to€ = ( &, ;e) and its
derivative are bounded. Detectability of (&; ®;e) yields the existence ofF 2 RY, g :=dim €, such that
spec &+ Fe) C .Settingg:= F k3By,+ ki8> + B gives

x= & kiex kiBex+Bu+kiBy+ kiByp= &K+ Fex+g: (A.28)

Sincey, 2W?21 (R o! R)andki2LY (R o! R),i2f0;1g, and sincewp = (up;yo) 2L (R ¢!
R) W 21 (R ¢! R)itfollowsthat g2L! (R ¢! RY). Hence, by (A.28) and Variation of Constants
we obtainx 2L1 (R ¢! RY and, by (A.28),alsox2L! (R o! R9).
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