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Abstract We present and discuss the definition of the adjoint and dual of
a switched differential-algebraic equation (DAE). For a proper duality defini-
tion it is necessary to extend the class of switch DAE to allow for additional
impact terms. For this switched DAE with impacts we derive controllability
/ reachability / determinability / observability characterizations for a given
switching signal. Based on this characterizations, we prove duality between
controllability / reachability and determinability / observability for switched
DAEs .
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1 Introduction

We study duality of switched differential-algebraic equations (DAEs) of the
form
E,i = A,z + B,u,

= Con (1)

for a given switching signal o : R — N. It will be necessary to generalize this
system class later on to allow for dualization.

Duality is a classical research subject in linear system theory and apart
from being of theoretical interest it has applications in optimal control. First
introduced by Kalman [I1]), it was later generalized to other system classes, in
particular unswitched DAEs [9] 10], linear differential inclusions [2], switched
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linear ODEs (with switching signal as input) [24], linear (continuously) time-
varying DAEs [8], non-switched impulsive systems [I7] and hybrid systems
(including jumps) with periodic switching signal [I8]. A concept closely related
to duality is adjointness and we will discuss in detail the connection between
both in the context of switched DAE. Adjointness for homogeneous (continu-
ously) time-varying DAEs is still an active research field, see the recent article
[19] and the references therein. Although switched DAEs with given switching
signal are also time-varying DAESs, the discontinuities due to switching pose
significant challenges in the theoretical analysis; nevertheless, our approach is
inspired by the results on duality / adjointness of linear time-varying DAEs
and it may even be possible to unify these results, but this is outside the scope
of our paper.

For constant-coefficient DAEs, the recent survey [6] gives duality results for
different notions of controllability and observability. Cobb [9] and Frankowska
[10] use notions that do not coincide with ours and whose generalization to
switched DAEs does not lead to duality. By using more appropriate notations
for observability and controllability, our result differs from [J] and [10] even
in the unswitched case. In addition to the non-canonical controllability / ob-
servability definitions for DAEs, there is also some choice in how to treat the
switching signals in the definitions of controllability / observability, see e.g.
the survey [21] on different observability concepts for switched systems. Some
duality result for switched DAEs is claimed in [20]; however, therein a rigor-
ous solution theory is missing and, furthermore, the observability definition
requires to choose the switching signal depending on the initial value.

A priori it is not clear which generalizations of controllability and observ-
ability are most natural for switched DAEs; however, with our chosen notions
(see Definition and we are able to show the very satisfying duality
statement (Theorem

Observability +~%%% Reachability

ﬂ ﬂ g

Determinability ualy Controllability.
There are certain pitfalls towards obtaining this duality result. A first chal-
lenge is to find an appropriate definition of the dual system (see Section . A
“correct” definition of duality should have the following properties:

D1 The dual of the dual is the original system; in particular, the dual is an
element of the same system class (otherwise the original duality definition
cannot be applied to the dual system).

D2 The classical duality between (some form of) controllability and (some
form of) observability holds.

D3 There is some formal justification of duality in terms of the solution
trajectories.

The above mentioned works do not elaborate on the derivation of the dual
system but merely state the dual system and show that D1 and D2 hold.
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Following this approach, a naive definition (motivated by the definition of the
dual of a non-switched DAE and indeed proposed in [20]) of the dual system
of is

Elz=Alz+4Cluy,

ya = B z.

3)

Taking into account the time-varying nature of switched DAEs, another possi-
ble definition for the dual of would additionally reverse the time, resulting
in
El:= ALz + Clug, ()
Yd = B;Z
with 7(t) := o(T — t) where [0,T], T > 0, is the compact time interval of
interest. The following example shows that both approaches do not yield a
satisfying duality definition as property D2 is not satisfied.

Ezample 1 Counsider the switched DAE (/1)) with switching signal

0, t € (—o0,1),
o) =41, tell,?2),
2, t € [2,00),

and modes given by

[10] [00] [O]
(B0 50.C0) = ([g0] o]+ [o] -[091)
[10] [00] [O]
e = (Joo] 1) [o] - 001)
[10] [oo] [o]
(E27A27B2702) — (_0 1_ 5 _O 0_ 5 _O_ 5 [0 1]) .

In all three modes it holds #; = 0, hence the solution satisfies x1(t) = 29

for all t € R and some 2z € R. The variable z is zero on (—o0, 1), on [1,2)
it holds that x9 = —x; and afterwards zo remains constant because 9 = 0.
Altogether, we have

The output is then
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Hence, we can uniquely deduce from the output (e.g. observed on the interval
[0, 3]) the value z} and therefore we can reconstruct the whole state trajectory,
i.e. this particular switched DAE is observable.

The naive dual of the switched DAEs satisfies

on (—o0,1) on [1,2) on [2,00)
z1 =0, 21 = 22, z21 =0,
0222, 02227 Zgzud.

Clearly, 21 = 0 holds for all times, i.e. z1(t) = 29 for all t € R and some 2 € R.
Hence this switched DAE is neither controllable nor reachable. Reversing the
switching signal with respect to the interval [0, 3] results in

on (—oo,1) on [1,2) on [2,00)
Z =0, Z = 22, Z =0,
z"g:ud, 022’2, 022’2,.

Again z;(t) = 2{ for all t € R and some z} € R and also this switched DAE is
neither controllable nor reachable. <

It will turn out that (in contrast to non-switched system) it is helpful to
clearly distinguish between the notion of an adjoint and a dual system. In
view of the desired duality property D3, the definition of the adjoint system is
derived based on an adjointness condition in terms of the solution trajectories
(Definition E[) This results in the following adjoint system of :

4 (" Ey)=-p Ay +u,Coy, ya=p" Bo.

The resulting system is not causal, i.e. the solution p is not uniquely defined
on [t,00) by its past p(_s,+) and the input u. Reversing the time with respect
to an interval [0,7], T > 0, we arrive (also paying special attention to the
distributional multiplications involved) at a causal system:

% (E;—z) = A;z—i—(}';ud, Yqg = B;z

which is then called the T-dual system (Definition [17)). This dual system is
not a DAE of the form (I)), because using the product rule the term (E;} )z
occurs. Since Ez has jumps, its derivative contains Dirac impulses. Fortunately,
this occurrence of Dirac-impulses in the coefficient matrices is covered by the
distributional solution framework in [29] and in view of [31] we call the enlarged
system class switched DAEs with impacts, given by

E,t = A,z + Bou+ G|z, y=C,uz,

where G[-] is a sum of Dirac impulses; details are discussed in Section For this
extended system class the above derivation of adjointness and duality have to
be repeated (see Section and, furthermore, controllability and observability
notions have to be generalized to switched DAEs with impacts (see Section.
Finally, we are able to precisely state and prove our duality result in
Section
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2 Mathematical preliminaries
2.1 Regular matrix pairs
We first recall properties of the (unswitched) DAE

Ei = Az + Bu,
_ ()
y=Cx

with matrices E,A € R™*" B € R"? C € R™" and classical (smooth)
solutions (x,u,y). For existence and uniqueness of solutions, the following
notion of regularity of the matrix pair (E, A) is crucial:

Definition 2 (Regularity) Let E, A € R™*". The matrix pair (E,A) is
called regular iff det (sE — A) € R[s] is not the zero polynomial. The DAE ({5))
is called regular iff the corresponding matrix pair (E, A) is regular. <

Lemma 3 (Regularity characterizations, [30, Thm. 6.3.2]) For a DAE
the following is equivalent:

1. The matriz pair (E, A) is regular.
2. There exist invertible matrices S, T € R™*" transforming (E, A) into quasi-
Weierstrass form (QWF), i.e.

(SET,SAT) = ({é ]ﬂ : [‘O] ?D (6)

with N € R"N*"N pilpotent, J € R™*™ ny+ny =n, and I an identity
matriz of appropriate size.

8. For all smooth u : R — R? there exists a solution x of and x is uniquely
determined by x(to) for any tg € R.

4. The only solution of with u =0 and z(0) =0 is ¢ = 0.

In the following, we will assume the DAE to be regular. To obtain the
transformation matrices S, T, the Wong sequences ([28]) are useful:

VO = Rn’ Vi+1 = A_l(EVi), ? :071727"'7
Wo = {0}, Wig1 := E7HAW,), i=0,1,2,....

These sequences converge after finitely many steps. Their limits are denoted
by
Ve i= (Vi and W*:= [ Wi
i€N ieN
By choosing full rank matrices V,W with imV = V* and imW = W* we
can define T := [V, W], S = [EV, AW]~L. These matrices transform (E, A) to



6 Ferdinand Kiisters, Stephan Trenn

QWE. They can also be used to construct the following “projectors”:

7 o]

the consistency projector 1I:=T 00 T
. . . diff [10]
the differential projector s .=T 00 S,
‘ , . im [0 0]
the impulsive projector nm™r.=T 01 S,

where the block structure of all three objects corresponds to the quasi-Weier-
strass form. Only the consistency projector is a projector as the other two are
not idempotent. The definitions above do not depend on the specific choice
of S and T (see [28, Section 4.2.2] for IT; the proof for ITHf and IT™P is
analogous). Using these projectors, the following matrices can be defined:

pAfT . rdifi g AdE . prdiff g Baft . rdifig

E™P .= [[™PE, AP = [P A B™P .= [[™PR,
and

coft .= C11, cme .= C(I - 1),

We call these matrices the differential and impulsive part of E, A, B,C, re-
spectively.

As consistency space we denote the space of all consistent states of the
homogeneous system:

{ o € R" | 3 smooth solution z of Ei = Az with z(0) =z¢ }. (7)

The consistency space of the inhomogeneous system is called augmented con-
sistency space:

{ o € R" | 3 smooth (z,u) solving (5) with 2(0) =z¢ }. (8)

For the DAE the consistency space is given by V* = im Il and the
augmented consistency space is (see [Bl, Corollary 4.5])

V¥ = V* @ (E™P, B, 9)

All solutions of have the form

) t . ) n—1 ) P ]
x(t) = A" e —|—/ A ff(’5_S)Bdlﬁu(s)ds - Z (E™P) BmPy () (10)
0 i=0

for some ¢ € R™ ([30, Theorem 6.4.4]).



Duality of Switched DAEs 7

2.2 Distributional solutions

A switched DAE usually does not have a classical solution as the consis-
tency spaces of different modes do not need to coincide. Thus a switch might
result in an inconsistent initial condition, which - even for homogeneous sys-
tems - may produce jumps or even Dirac impulses in the state variables [30]. A
distributional solution framework is therefore necessary. Recall that the space
of distributions (or generalized functions) is defined as (following Schwartz
[23]):

D:={D:C5° — R | D is linear and continuous },

where C° is the space of smooth functions with compact support (so called
test functions) and is equipped with a suitable locally convex topology. Every
distribution D € D has a derivative in D given by D'(¢) := —D(¢'), ¢ € C§°.
However, it turns out that the whole space of distributions is not an appro-
priate solution space for because it is “too large” [2§]. To overcome this
problem we follow [28] and introduce the space of piecewise-smooth distri-
butions. The latter can be seen as the “differential closure” of the space of
piecewise-smooth functions defined as follows:

e Z (0 pranss {ti |i€Z} 102311},, finite with ’

ez ’ ti<ti+1,a¢€C L 1EZ

where C*° denotes the space of smooth functions o : R — R and «; denotes
the restriction of the function « to the interval I C R given by a;(t) = a(t)
for t € I and a;(t) = 0 otherwise. The precise definition of piecewise-smooth
distributions is then:

Definition 4 A distribution a € D is called piecewise-smooth iff

a=ap+al]:=ap —i—Zat,
tel

where

— ap is the regular distribution induced by a piecewise-smooth function a €
Coorie. ap 1 C5° 3 @[5 a(t)p(t)dt,

— ay € span{d, d;,9;,...} where 6, : C§° > ¢ — p(t) is the Dirac impulse
with support {¢},

— I' C R is locally finite.

We denote a(t™) = limg ~ a(s), a(t™) = limg 4 aos) and alt] = a; if t € I" and
a[t] = 0 otherwise. These “evaluations” of a are well-defined [28]. The space
of piecewise-smooth distributions is denoted by Dpwcee. <

As mentioned above Dpyce is a subspace of I which is closed under differ-
entiation and, additionally, for which restrictions to intervals are well defined
[28]. Furthermore, there exist exactly two (noncommutative) multiplications
* on Dyyee that satisfy
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Va, B € Cx, - ap * fp = () (generalization of multiplication on C,),
Va,b,c € Dpwee @ (a*b) % c=ax (bxc) (associativity),

Va,b € Dywes : (axb) = a'xb+axb’ (differentiation rule of multiplication),
vt e R Vp e C§°: (]l[o,oo)D *80) (¢) = (]l[tm)D #6;) (¢(- —t)) (condition
for shift-invariance),

Ll e

see [28, Section 2.4.1]. Here, 1|, o) denotes the characteristic function of the
interval [t,00), i.e. 1 oo)(7) = 0if 7 < t and 1 )(7) = 1 otherwise. We
denote these two multiplications by *., *,.. They are uniquely characterized
by
L10,00)p *c 90 = do,
]]'[0,00)D *qc 0p = 0,

and are called causal and anticausal Fuchssteiner multiplication, respectively.
If not stated otherwise, the causal Fuchssteiner multiplication will be used
in the following. We will shortly write ab instead of a *. b and aa instead of
ap *c a.

The solution formula for DAEs still holds true when allowing Dpycoo-
solutions if one introduces the notion of antiderivative for piecewise-smooth
distributions [30, Remark 6.4.5 (3)].

3 Switched DAEs with impacts

Switched DAEs are now considered within the space of piecewise-smooth dis-
tributions Dywce- . This makes it necessary to slightly restrict the set of switch-
ing signals:

Definition 5 (Switching Signal) o : R — N, ¢t — o(¢) is called a suitable
switching signal iff it is right-continuous, piecewise constant with locally only
finitely many discontinuities (jumps), and constant on (—oo,0). Without re-
striction (e.g. by appropriate relabeling of the matrices) we can assume that

O(—oo,t;) = 0,
o[

titizr) — b for i = 1,2,...,

where 0 < t; < tg < ... are the switching times of o with dwell times 1; :=
ti+1 — t; (with the convention ¢ := 0 and ¢,,41 := T when the discontinuities
are only allowed in the open interval (0,7) for some T' > 0). Note that this
notation does not exclude an artificial introduction of switching times because
(Ei, Ay, B;, C;) = (Ej, Aj, Bj, C;) for i # j is allowed. Finally, for some r > 0,
we define the restriction o, of a switching signal o by

oon(t) = {O‘(t), t>r, (12)

a(rt), t<nr

In particular, the restriction o, does not have a jump at r. <
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For a switched DAE the corresponding solution behavior is given by

B, = { (u,,y) ‘ (u,x,y) € (]D)pwcoo)qunJrr solves ([1]) }

Theorem 6 ([30, Theorem 6.5.1 and Corollary 6.5.2]) The switched
DAE with suitable switching signal o has a solution x for any input
u € ]D)gwcw, which is uniquely determined by x(07) € V:(o—)' For any con-

sistent initial state xo € V- there exists (u,z,y) € By with x(07) = xg. If
Ut t,4e) = 0 for some € > 0, it holds

o(tF) = Malty),
n_l i+1 .
et == 3 (Bm) (1 - w5,

Jj=0

As motivated in the introduction, switched DAEs of the form are not
general enough to define a dual within the same system class. Therefore we
introduce the following larger system class:

Definition 7 A switched DAFE with impacts is a system of the form

E,t = A,z + Byu + Z Gy, 01,2,
i>1 (13)
y=Csx

where F;, A; € R"*™ B, € R"*4,C; € R™" for all i € N and some n,q,r €
N; 0 : R — N is a suitable switching signal according to Definition [5] with
switching times t¢;, ¢ € N and Gy, € R™*". Furthermore, we assume that
(Ei, A;) is regular for each ¢ € N and that z,u,y are vectors of piecewise-
smooth distributions, i.e. 2 € D} coc, u € DY ooo and y € DY oo <

The behavior for a switched DAE with impact is defined in the same way as
for switched DAEs. Note that for a restricted switching signal o, also the
impacts G, are restricted to the interval (r, co).
With
G=G[]:=)_ Gyo, €D

pwC>?
i>1

we can rewrite as a distributional DAE [29]
E,i = Ax + B,u,

where A := A,p + G[] € DI*%.. Hence by [29, Thm. 21] existence and

pwC>®
uniqueness of solutions, as stated in Theorem [f] follows for switched DAEs
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with impacts, independently of the choice of G. For a solution formula
similar to the one given in Theorem [6] holds:

2(tf) = I (B + Gy (), (14a)
n—1 ) j ) )
afti] = =3 (B™P) I (B + Gu) (7)o, (14b)
j=0

This can be seen as follows: We can restrict our attention to the initial trajec-
tory problem with u = 0 and G[-] = Godo

0
L(—00,0) = L(—00,0)>

. (15)
(Ex)[O,oo) = (A,I + Go50x)[o7w) .

Note that it holds Godox = Godpz"(07). By linearity one can write z = & + 2,
where T solves without the term Gydgx and & solves with Z(_oc 0y = 0.
The solution formula for & follows by [30, Theorem 6.4.4 and Remark 6.4.5

®3)I:

#(07) = I9G2®(07),  2[0] = — > (E™) 1™ Goa®(07)8y".
i=0
Rewriting the solution of Z as given in Theorem [f] gives
n—1 . )
F(0%) = H9TEL0(07), 0] =Y (B™P) 1P E2°(07)s)".
i=0
Remark 8§ The expression impact is related to the corresponding switched
ODEs. In [31] it was shown that the ODE with jumps
i = Ar + Bu, 2(t]) = Jiz(t;) fori € Z (16)

and the distributional ODE

i = Az + Bu + (Z(Ji—f)éti>x (17)

1€Z
have the same solutions. Solutions of are assumed to be piecewise-smooth
functions. [3I] showed that has the same solutions (in Dpyce) as if
we assume the input to be piecewise smooth. Duality for switched ODEs with
jumps has been dealt with in [14]. <

The feasible space at time t* is the set of all values the system can obtain
at time t* [I5, Remark 2.10], i.e.

{2 €R" | I(u,2,y) € B, with ot = }.

A consequence of Theorem [f] and the subsequent considerations is that for
t = 0~ the feasible space of and is given by V;‘(O,). This does not hold
true in general for ¢ > 0 for either of the systems.
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4 Adjoint and dual system

The dual of a non-switched DAE is given in [9] [10] as
E'i=-AT2+C"u, y=B'x
or, in the (continuously) time-varying case [8, [19], as
% (ETx) =—A"z+C"u, y=BTa.
The references lack a motivation that would suffice to generalize the dual to
switched systems. As we have seen in the introduction, a naive dualization
does not work. In contrast to the unswitched case, time-inversion is crucial.

To point this out, we distinct between the adjoint and the dual system in the
subsequent derivation.

4.1 Adjointness

To derive an adjointness condition we will first recall adjointntess for linear

systems
T = Ax + Bu,

18
y = Cux. (18)

In [22] the following adjointness condition for was derived:
4 (pTx) —You+uly=0 V(u,zy) cB. (19)

The set of all (ug,p,y,) solving is precisely the behavior of the system
p=—ATp—Clu,
Ya = B'p.
Thus we call the adjoint system of .
Adjointness for homogeneous time-varying DAEs (with continuous coeffi-

cients) was considered in [I} [I6]. The condition given there was (adapted to
our notion)

(20)

p' E,x = const.

Together with (19), this leads us to the following adjointness condition for
switched DAEs with impacts :

4 (p"Eyx) —ylutuly=0V(uzy) €B,. (21)

We call any linear subspace B C D" "4 a behavioral adjoint of if for any
(g, p,Ya) € B the adjointness condition holds. Invoking the differentia-
tion rule of the Fuchssteiner multiplication and inserting we obtain the
equivalent adjointness condition
(& Es) +p" A +u, Co+p Gl) 2+ (p' Bo —y, J)u=0
V(u,x,y) € B,.
This motivated the following definition of the adjoint system of ([13):

(22)
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Definition 9 For the switched DAE with impacts and suitable switching
signal o the adjoint system is

& (0" Es) = —pT Ay —u Co — p Gl (23)
y;l' = pTBcT~
The corresponding behavior is denoted by B2d. <

Obviously, B2 is a behavioral adjoint of . But in contrast to ODEs
the condition does not uniquely yield the adjoint system and this is
already a problem in the unswitched case:

Example 10 Consider the DAE 0 = =z + Ou, y = 0 which has only the zero
solution, i.e. B, = { (u,0,0) } u € ]D)gwcoo } Hence condition reduces to
1Yo = 0 and there are no constraints on u, and p, i.e. the largest behavior B
which is a behavioral adjoint of the above DAE is given by

{ (U/aap7 0) ‘ Uq € D;wcw’p € D;wcoo } .
This is not the solution behavior of any regular DAE. <

Another problem of the adjoint system is that it is not in the form of
for two reasons:

1) The coefficient matrix E, is inside of the derivative operator.
2) The matrix-vector product is reversed in order.

The first problem can be resolved easily as E] is piecewise constant and
pT4E] fits to the impact term in (which has been introduced pre-
cisely for this reason). The second problem is more severe because for the

Fuchssteiner multiplication it is not true in general that (AB)—r = BTAT
for A, B matrices over Dyyce. In fact, the reversed order leads to an acausal
behavior as the following two examples illustrate.

Example 11 Consider
i (P1(—0.0) = Pljo,00).

or, equivalently, pl(_o 0y = pl,00) + Pdo. Invoking the calculus of piecewise-
smooth distribution we can conclude

p=0  on(-o0,0)
0=p on (0, 00),
p[0] = pdo.

Since pdo = p(07)dy = 0 it follows that p[0] = 0, which implies that p cannot
have a jump at ¢ = 0 and p = 0 is the only solution. Hence the past (p(—c,0))
is restricted by the future (pjo,o) = 0), i.e. the system is not causal. <
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Ezxample 12 Consider now

d _
i (PLp.oc)) = Pl(=o0.0),
or, equivalently, pljg o) = pl(_c0,0) — Pdo. This gives

0=p on (—o0,0),
p=0  on(0,),
p[0] = pdo.

Hence p[0] = p(0™)dp and there is no constraint on the jump at ¢t = 0, i.e. from
a unique past p(_oo,0) the future pjg o) is not determined uniquely. <

The system in Example [[1] does not have a solution for every initial trajec-
tory P(—oo,0), While the system in Example has multiple solutions for the
same initial trajectory p(_ o). Therefore, we have to add a third problem
concerning the adjoint system to our list:

3) In general the adjoint system is not causal, i.e. a solution p is not uniquely
defined on [t, c0) by its past p(_n+) and the input wu.

We will resolve the third problem by reverting time in the next section. As a
by-product this will also resolve problem 2) mentioned above.

Remark 13 Another approach to derive the adjoint of the ODE (18]) was given
in [12, B2]. There the system is identified with three mappings (input-to-state,
initial-state-to-final-state and state-to-output) and the adjoint is then defined
by the adjoint operators of these mappings. While the approach works well for
switched ODEs with jumps [I4], it seems to fail for the more general class of
switched DAEs [13]. <

The dual system given in [6] [8, [9, [10] fits to our notion of adjoint system
(23) - despite the order of multiplication and possibly some signs, on which
the references also do not agree. A main difference to these references is that
the adjoint system which we have derived so far is not causal. This is a con-
sequence of the considered solution space. For the noncausal system it
does not make sense to consider system properties such as controllability and
observability. Therefore, we introduce a time-inversion of the adjoint system
to arrive at a causal system of the form , which we then call the dual
system.

4.2 Time-inversion
For linear systems the adjoint can be considered as a system going back-
wards in time [I2]. We therefore define a time-inversion for distributions:

Definition 14 Let D € D a distribution and T € R. The time-inversion of
D at time T is defined by

Ir{D} (¢) :== D(e(T —-)) for all p € Cg°.
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Jr is a linear operation on the space of distributions. For the differentiation
it holds
Ir{D'} = — (Fp {D}) for D € D. (24)

The space of piecewise-smooth distributions is closed under time-inversion as

it holds Zr {ap} = a(T — -)p for a regular distribution ap and Jr {5,5“} =

(—l)ké(Tkzt for the Dirac impulse and its derivatives. In particular, it holds
Tr{a} (T —t)F) = a(tT) for t € R. (25)

and Jr {a} [T —t] = alt] if a does not contain derivatives of Dirac impulses.
Applying the time-inversion to a product of piecewise-smooth distributions
yields an anticausal multiplication:

Lemma 15 Let a,b € Dyweo and T € R. Then it holds
Ir{ax*.b} = Tr{a} xaec Ir {b} and I {a*q.b} = Ir{a} *. I {b}.
Proof See Appendix O

The following lemma will be helpful for rewriting the time-inversion of the
adjoint system.

Lemma 16 Let A € (Dpwee)" ", B € (Dpwee=)"?™"™ matrices over Dpyeoo
for some ny,n9,n3 € N, then it holds

(A *, B)T =BT s, AT.
Proof See Appendix O

4.3 Definition of the dual system

Applying a time-inversion at time 7" > 0 to the adjoint system and using
Lemmas [I5] and [16] gives:

& (T BT} e T 9)) =T {AT} 2e T (0} + T {CF } e T {ua)
+ I {G[]"} *c Tr {p},
yT {ya} :yT {B;} *e yT {p} .

As E, is piecewise constant it holds Jr {E,} = Fz for the time-inverted
switching signal & with

5(t) = o(T—t)| WteR (26)

The same holds true for A,, B,, C,. Hence the time-inversion at T > 0 of
is given by
4 (E;z) = ALz 4+ Clug +G[T — "2,
Yd = B; z

with (ug, z,y4) = (Tr{us}, Zr{p}, Ir {ya}). Here we used that G does not
contain derivatives of Dirac impulses.

(27)
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Definition 17 For a switched DAE with impacts with suitable switching
signal o the dual system with inversion time T > 0 (or, short, T-dual) is defined
by with inverted switching signal & given by . Its behavior is denoted
by Bl-dual <

Note that the inverted switching signal does not have the form . In par-
ticular, the system switches to mode i — 1 at time s; := T —t; (cf. forthcoming
Figure [1).

The derivation of the dual system shows

(tas P, Ya) € B2Y & (ug, 2,9a) = (Fr {ua}, Tr {p}, Fr {ya}) € BL-dual,

Remark 18 The T-dual can be written in the form of a switched DAE
with impulses:

Eld:=Alz+Cluq+ (GT " — LE])z,

28
Yd = B;Z. (28)

i (Ei,1 — EZ)T 5ti' The re-
versed switching signal is (by definition) a suitable switching signal only if it
is constant in the past. This is only the case if the original switching signal o
is constant on (7T, 00), i.e. all jumps of o (and hence ) are contained in the
interval [0,T]. In that case, we have

As E7 is piecewise constant it holds %E; =>

(Bg_dual)T—dual _ 60_7

i.e. the desired duality property D1 (see Introduction) holds. Note that in
general the dual of a switched DAE (without impacts) is a switched DAE with
impacts. Hence the enlargement of the considered system class was in fact
necessary. <

The T-dual depends on the time 7" > 0 chosen for time-inversion. In
the sequel we will assume that the switching signal o is constant on [T, c0).
Since our forthcoming definitions of controllability / reachability / observabil-
ity / determinability are with respect to a finite interval [0, T] anyway, this is
not a restriction of generality. Furthermore, it guarantees that the 7-dual is
again a switched DAE with impacts in the sense of Definition [7] We assume
additionally that 0 and T are not switching times. This will be necessary for
the duality result, see Remark [B1} In particular, we only need to consider
finitely many switching times ¢4, ..., t,, within the interval (0,7).

5 System theoretic properties
In this section we will recall the system theoretic properties controllability,

observability and determinability as given in [15] 21} 25] 26, 27] for switched
DAESs and introduce a notion of reachability. We define and characterize these
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concepts for switched DAEs with impacts. Compared to the references, some
changes in the notation were necessary - due to the effect of the impacts on
jumps and impulses and also for a more convenient derivation of the duality.

5.1 Definitions

Definition 19 A switched DAE with impacts (13]) is called
— controllable on [0,T], T > 0, iff it holds

Vw,w € By 30 € By : W(—00,0) = W(—00,0)y W(T,00) = W(T,00);
— reachable on [0,T], T > 0, iff it holds
Vw € By, @ € Byr+y I € By 1 W(—00,0) = W(—00,0) AN O(T,00) = W(T,00);
— observable on [0, T], T > 0, iff it holds
V(u,z,9),(0,2,9) € Bs :u=0ANyor =Yoo = =41
— determinable on [0,T], T > 0, iff it holds
V(u,z,y),(0,2,9) € Bs: u=10AYyor = Jo,1] = T(T,00) = L(T,00)-

The difference of controllability and reachability is that for the latter all
feasible solutions w of the last mode are taken into account while the first only
considers feasible solutions of the switched system.

To see the difference between observability and determinability, note that
the solution might contain singular jumps. Hence it might be possible to re-
construct the state after a certain time from input and output, but not the
whole state trajectory.

The system theoretic properties can be simplified to zero-controllability,
zero-reachability, etc:

Lemma 20 A switched DAFE with impacts (13)) is
controllable on [0,T)], iff Yw € B, 3& € B,:

W(—00,0) = W(—00,0)s (T, 00) = W(T,00)-

reachable on [0, T] iff Vo € Byp+y 30 € By:

0(—50,0) = W(—00,0)s U(T,00) = W(T,00)-

observable on [0,T] iff it holds ¥ (u,x,y) € By:

u=0Aypr =0 =2z=0.

determinable on [0,T) iff it holds ¥V (u,x,y) € By :

u=0A Yo, 1] = 0 = T(T,00) = 0.
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Lemma [20| implies

is observable = is determinable,
is reachable = (13]) is controllable

The reverse does not hold true as the following example shows.

Example 21 All solutions of the switched DAE
(L(—ootr) + Lfta,o0)) & = Lty )7 + Ou, y = 0z

have the form z = 1(_ ;,)c for some ¢ € R. In particular, x is zero for ¢ > ;.
Hence the system is (trivially) determinable and controllable on [0, T], T > ¢;.
However, it is not observable as the output y is always zero. It is not reachable
on [0,T], T > t1, as Vi # {0} but 2, ) = 0 for any solution. <

For duality one usually considers only controllability and observability.
However, they are not dual for switched DAEs as the Example 22| shows. This
can be interpreted as a problem with the time-inversion of the dual system,
which does not have any effect for unswitched ODE systems.

Ezample 22 The system & = —6;,x + Ou, y = 0z has solutions of the form
r = cl(_y,) for ¢ € R. The system is controllable on [0,7] (T' > t1) as

each solution z is zero on [t1,00). Its dual 2 = —d5, 2z + Oug, yq = 0z is not
observable as the output is zero and there are nonzero solutions z = cl(_s 4, ),
ceR. <

We can characterize the system theoretic properties with the following
spaces:

Definition 23 Let 0 < s < t and define

chtli={ 2, eR" | Ju,2,y) € By 1 (s ) =as A z(th) =0},
Ct = { wy €R™ | I(u,a,y) € By 1 a(st) =wy A 2(t7)=0 },
R = {2 e R" | 3w, 2,y) € By ia(s7) =0 A a(th) =z },
RO = {2 eR" | 3w, 2,y) € By ia(sT) =0 A a(t™) =2 },
U = { z, e R | 3(0,2,y) € By :w(s™) =5 A Yo =0 },
UOL :={ z, e R" | 30,2,y) € By 1 a(sT) =as A yiuy=0 },
Uy = { 2z, e R" | 3(0,2,y) € By 1 2(tT) =24 Ay =0 },
3 )

|
UDY = {2 eR" | 30,2,y) €By:x(tT) =24 A Yy =0}.

These spaces are called controllable, reachable, unobservable and undeter-
minable space, respectively. <

A switched DAE with impacts is controllable on [0, 7] iff el = Vo)
reachable on [0, 7] iff RYT = V; (+)» observable on 0,77 iff uoT = {0}
and determinable on [0, T iff DT = {0}.
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Controllable, reachable, unobservable and undeterminable space were not
only defined for the interval [0, 7] but also for the open interval (0,7"). The
first notion fits to the definition of the system theoretic properties while the
second helps to interpret the derivation of the system theoretic properties of
switched DAEs. The spaces are related as follows:

Lemma 24 Consider the switched DAFE with impacts with switching sig-
nal o. Let A € {C,R,UO,UD}. If s,t are not switching times of o then

A([:,t] _ A((Ts,t) )

Proof Tt is sufficient to consider smooth control functions [I5, Remark 2.12] if
s and t are not switching times. Hence x is also smooth at s and ¢. a

Ezample 25 (Time-inversion) Controllability and observability can be inter-
preted as properties of the states at time ¢t = 0, reachability and determinabil-
ity as properties of the states at time ¢ = T'. This does however not mean that
there is a relation between these properties if the switching signal is inverted.
In fact, the system

s~ ([ ][] 10

w530 = ([0 0[] o)

with o1 = 1, ) is reachable, controllable, not observable and not deter-
minable. The same system with inverted switching signal o1 = 1(_o 7_¢,) is
not reachable, not controllable, observable and determinable. <

For a switched DAE with impacts define for each mode ¢ the Kalman
matrices (here [A/B]:=[AT,BT]T)

diff . [ pdiff  4diff pdiff diff\—1 pdiff
KA [pdiff A pdiff - gdiffy" = e }
. [ . . . n—1 .
imp | imp imp pimp imp imp
K™ = | B B B™, ..., (E™) B ]

Odiff . — _CidiH/C?iHAtiiiff/ .. jCdit (A?iﬁ)nﬂ] ,

O;mp — _Cémp/C;mpEémp/ . __/Cémp (E;mp)"l] 5

for the differential and the impulsive part, respectively. The jump matriz is
defined as H; := E;+Gy;), where t(7) is the time mode 7 is entered (i.e. t(i) = t;
for systems with switching signals of the form and t(i) =T — t; 41 for the
corresponding reversed switching signal). Finally, define

Ci := im K& @ im K™,
U; := ker ON N ker O™,
U = ker (OB [T98 1) O ker (0§mpH§mPH,-) .
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Defining H; via t(4) seems unusual, but it is necessary when dealing with the
dual system as this system does not have a switching signal of the form .
Using Remark t holds H; = G, +E] =G, ~E] +EL, +E] =H],,
(see Figure[I)). The circumflex (") refers to the dual system.

Hy =E1 + Gy, f]OZEo-l-ésl:HlT
Py . . T~

7! =0 s3 o=1 o

~
PN

0 o=0 tp o=1 T

Fig. 1 Jump matrices Hq, fAIO for the switched DAE with impacts and its dual.

5.2 System theoretic properties and duality of unswitched DAEs

For a switched DAE with impacts with constant ¢ = 0 the notions of
controllability and reachability as well as the notions of observability and de-
terminability coincide. It holds (c.f. [I5] and [25])

clOT = RIOT) = im K§ + im K™,

Z,{(’)E?’T] — Z,{DLO’T] =imIly N ker OgifE’

hence controllability /reachability and observability/determinability are char-
acterized by the conditions:

im K& 4 im K™ = Vg and ker O3 nim 17, = {0},

respectively. These characterizations do not directly appear to be dual. How-
ever it is easily seen that only the differential part of the DAE is relevant: An
equivalent condition for controllability /reachability is given by

im Kgiff + ker Iy = R™.

Now duality for the unswitched case is apparent, because for the dual we have
I?g‘iff = OgiHT and in general we have (im M)% = ker M " for some matrix M.
The duality result for unswitched systems differs from those given in [9]
and [I0] as these papers use different definitions for controllability (and in case
of [9] also a different definition of observability). The duality in [I0] requires
the technical assumption ker £ Nker C' C ker A, which is not motivated there.
This assumption is equivalent to imE +imB D im A for the dual system,
for which controllability is considered. This condition, however, implies that
the augmented consistency space of the dual is the whole space; under this
condition the controllability notions of [10] and our notion coincide.
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5.3 Characterizations

In this section the system properties controllability, reachability, observability
and determinability are characterized by their corresponding spaces. We start
with the single switch case.

Lemma 26 (Single switch) Consider the switched DAE with impacts ((13))
with switching signal o1 := Ljty,00), 11> 0. For T > 13 the controllable/ reach-
able/ unobservable/ undeterminable space are given by

e = (o + =" () 7 ) N,
ROT) — ¢y + M Il i, €y,

(29)
(30)
u(’)gOl’T) = im ITy N ker OFF N e_AgiffTOUP, (31)
(32)

uD") = A I, (im 1T 0 ker O N YY) 32
respectively.
Proof See Appendix [C] N

The single switch result is now used to derive a recursive formula for the
multi-switch case. For controllability, we have to go backwards in time, i.e.
start with the last switch. To make use of the single switch result, we have
to consider a switching signal whose switches are restricted to the interval
(tm—1,T) as otherwise we would have to care about feasibility of (consistent)
states. Using the restricted switching signal o, guarantees that any z; € V;
is a feasible state at time ¢;, i.e. there exists (u,z,y) € B,., with z(t]) = ;.

For a switched DAE with impacts and switchting signal with

switching times 0 < t; < ... < t,, < T this leads to the recursion
P = Cpm, (33)

. 33

iff_ : —1 .

Pri=Ci4e T (ST H, ) PR, fori=m—1,...,0.

For reachability, the recursion goes forward in time. Hence a restriction of (the
switches of) the switching signal is not required:

Qg = CO? (34)
Qi = Ci+ e T I, Q1Y fori=1,....m.

The single switch result on observability motivates the definition of the
local unobservable space at ¢, for and switching signal :

M; =im IT;_; Nker O Nyt (35)
With this, a recursion for the unobservable space can be given as
J PR v

N - — , 1 —~ 36
M= e AT (/\/l2 N (HSIHHZ-) ! :11) fori=m-1,...,1. (36)
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A recursion for the undeterminable space is given by

~ diff . —~
J\[ll = eAl TlHiilﬂHlMl,

Adiff

-~ SR 37)
Ni = T rdf g, (./\/liﬂ./\/f_1> fori=2,...,m. (

Theorem 27 (General switching signal) Consider the switched DAE with
impacts (L3|) with switching signal and switching times 0 < t1 < ... <
ty, < T. Then it holds

C(ti’r) =PmNVF  fori=0,...,m,

O>t
RgO,tz‘Jrl) — Qé fori=0,...,m,
UOL I =M fori=1,....m,
Z/ID((’.07ti+l) :./’\\//17’ fO’r‘i: 17,,,,m,

In particular, the system is

controllable on [0,T] iff Vi C Py,

— reachable on [0,T] iff Vi, = QF,
observable on [0,T] iff {0} = M7,
— determinable on [0,T] iff {0} = N™.

Proof See Appendix [C] O

5.4 Normalization and explicit formulas

To give rather simple explicit formulas for the system theoretic properties
we introduce the notion of a normalized system. This will also be helpful for
proving duality.

Definition 28 A DAE is called normalized iff E = EYf + P and
A = A4 L Amp | The switched system is called normalized iff each mode
is normalized. <

Normalizedness is equivalent to (II4f 4+ [T™P) (AE 4+ A) = AE + A for all
A €R. As (E, A) is regular, this gives ITY + [T'™P = [ or, in terms of S and
T from the QWF, T'S = I. Hence, for normalized DAEs it holds Hdiff =11,
e = — 11, U8 = H;'U;, OFF 13 = OFff and O I1;™P = 0P,
It is easily seen that any DAE can be transformed into a normalized DAE
via
(T'S) Ex = (TS) Az + (TS) Bu,
y=Cz

where (S,T) transforms the matrix pair (E, A) to QWF. Note that for nor-
malized DAEs the matrices £ and A commute (the converse is not true in
general) and the premultiplication to obtain has some similarity with the
often used trick from [7, Lem. 3.1.1] to obtain commutativity of E and A.

(38)
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Theorem 29 (Explicit formulas) A normalized system with switching
signal and switching times 0 < t1 < ... <ty <T is

controllable on [0,T] iff

iff

1yt (CO e Aot ( - (Cm,l + e‘A?fffle*lH;fH;llcm) - )

:Rn'

)

— reachable on [0,T] iff

m—1 /m—1—j
diff diff
ker IT,,, + Com, + €m ™ H,, E H em=rTm—k T H,\ ), C; =R"
k=1

Jj=0

observable on [0,T] iff

. m (i1 .

im o N2ty N e (Hef‘i “T’“Hlekh) Ui | = {0}
j=1 \k=1

— determinable on [0,T] iff

1,, (um neAn ™ H, T, ( . (ul N eAT Hlnouo) . ) = {0}.

6 Duality statement

When defining the dual system, there were two sources for non-uniqueness:

1. a multiplication of the systems equation from the left with some S,,
S invertible, and
2. the precise value of the inversion time T > t,,.

Neither of those has an influence on the system theoretic properties and thus on
the duality result. Multiplying from the left with some S,, Sy invertible,
yields a state transformation (2 = SJ 2) of the dual system. In particular, this
does not influence the system theoretic properties of the dual. Hence we can
assume the system and thus also its dual to be normalized. To see that the
system theoretic properties do not depend on the precise value of T' > t,,,
observe that the statements in Theorem [29| do not depend on 7y and 7,,. The

AdifE AdifE . . AdifE
terms e”o " and e“m ™™ can be removed from the equations using the e”i  Ti-
invariance of C; and U;. Thus the system theoretic properties on [0, 7] and on
[0,T"] are the same for T, T > t,,,. Also, the properties of the T-dual and the
properties of the T"-dual are the same.
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6.1 Normalization and the dual system

Using the above considerations we can assume the system to be normalized for
the duality result. This simplifies the subsequent calculations as the following
indicates: The matrices IT, T4 E™P  of the dual system and the corre-
sponding matrices of the original system are related via the transformation
matrices S, T of the quasi-Weierstrass form (QWF, see Section :

o= (rs)" mm(rs)~ ", o4 = (%) " | Bt — (15)T (54 " (15)7 T .

This can be seen by straightforward calculations as (T'7,ST) transform the
dual to QWF. For normalized systems, it holds S = T—!. Thus the matrices
and spaces of the dual system simplify to I = ITT and

Apart — (.Apa””)—r for A€ {E, A, B,C} and part € {diff,imp}

where we used B = CT and C = BT. Consequently, it holds for normalized
systems

~

C=u+ and U =C .

6.2 Duality statement

In contrast to switched ODEs with jumps [I4] one cannot work directly with
the recursions from Section[5} One reason is that the conditions for reachability
(R([yo Tl = VY (r+)) and observability UOLT) = {0}) are not complementary

as V7 1) # R™ in general.

Theorem 30 (Duality of switched DAEs with impacts) For a switched
DAE with impacts (13)) with switching signal whose switching times are
contained in (0,T) and its T-dual the duality statement olds, i.e.
is observable (determinable) on [0,T] if and only its T-dual (28)) is reachable
(controllable) on [0,T].

Proof We assume the system to be normalized as this does not have any
influence on the system theoretic properties of the system or its dual. Note
that for the dual system it holds H; = H,',,.

By Theorem [29] a normalized switched DAE with impacts is reachable iff

m—1 /m—1—j
diff diff
R"™ = ker [Ty, + Crp + ™m ™ Hy, > [T "+l kHpi | C;.
j=0 k=1
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Hence a dual system is reachable iff

R"™ = ker [lo + Co + e ™ [y S~ (H AT Hka> C;

j=1 \k=1

m J—1
i T i T
Ker 11§ + Ui +e(48") TS~ (He(A2 R H;Ll) Uy

=1 \k=1

m (i1
im Iy "2y e~ 48 () (H e AT 1H;§+11> Uy

j=1 \k=1

This is the observability condition of the original system (Theorem . Hence
a switched DAE with impacts is observable iff its dual is reachable.

The same theorem gives that a normalized switched DAE with impacts is
controllable iff

R" = IT; ! (CO e A T (L (Cos
+67A$g177rL—1H7;1H7;1Cm) e ) .
Hence a dual system is controllable iff

Rn

o e S (U CRE OR
=1, (e ) e T (L

i T
Lo (ag) TleTH(;Tu()L> )

AdiffT AdiffT L
- (Hm (umme Ry ( (u1 el 1H1H0L{0) )

This is the determinability condition of the original system (again Theorem
29). Hence a switched DAE with impacts is determinable iff its dual is con-
trollable.

Applying these results to the dual of a switched DAE with impacts and
the dual’s dual, which is again the original system (Remark , gives that
a switched DAE with impacts is controllable iff its dual is determinable and
reachable iff its dual is observable. O

Remark 31 (Assumptions on the switching signal) We assumed the switching
signal to have only finitely many switches and not to have a switch at t = 0.
Neither of these assumptions is used in [I5] 2] 25], but both are crucial here.
The switching signal is assumed to be constant on (—oo,0) to ensure that the
feasibility set at t = 07 is V;(O_). A restriction on the switchings in (—oo, 0) is
necessary to ensure that nontrivial solutions exist. To achieve the same for the
dual system with the time-inverted switching signal o, the switching signal o
has to be constant after some time 7" > 0. Hence only finitely many switches
are allowed.
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The switching time ¢ = 0 is excluded in this work as it does not give rise to
the duality statement: The system @ = 0,y = 1(_,0)® is not determinable,
but its dual is controllable (and reachable) via instantaneous control (see [15]
Lemma 2.11]). One can also find a switched DAE that is not reachable, but
whose dual is observable (see [13, Example 7.3.1]). <

Remark 32 (Other notions of the system theoretic properties for switched sys-
tems) So far we fixed a switching signal and considered the system theoretic
properties of the system for the given switching signal ¢. Other notions for
the system theoretic properties of a switched system are that the relevant
property hold for all switching signals or that there exists a switching sig-
nal such that the property holds. For observability, this is called strong ob-
servability and controlled observability [21], respectively. Strong observability
(strong controllability, etc.) is equivalent to observability (controllability, etc.)
of each mode. Hence strong observability and strong determinability as well as
strong reachability and strong controllability coincide. Furthermore, the du-
ality follows directly form the duality for unswitched DAEs [6]. Duality for
the first notion can be derived from Theorem Assume that the system
is contr./reach./obsv./det. for a given switching signal o. Then there
exists a switching signal that has only switches in (0,7) for some 7" > 0
and that yields the same property. By Theorem the dual system is then
det./obsv./reach./contr. for the switching signal &. <

Remark 33 Due to the results for switched DAEs we conjecture that a suitable
adjointness condition for (smoothly) time-varying DAEs should be

% (pTEm) —y;—u—i—u;ry:O7 <

which the authors have not found in the literature so far.

7 Conclusion

We have established a duality result between controllability /reachability and
determinability /observability for switched DAEs. It turned out that the prob-
lem of duality cannot be solved within the class of switched DAEs as the dual
of a switched DAE does not belong to this system class. Thus we considered
the more general class of switched DAEs with impacts, for which character-
izations of controllability, reachability, observability and determinability are
derived. These are then the basis for our duality result.

It is well known that the dual of a system plays an fundamental role in
optimal control and it is therefore a canonical topic for future research whether
the duality presented here is a fruitful basis for studying optimal control for
switched DAFEs.

Another line of future research is an relaxation on the assumption that the
switching signal is given. The observability / determinability notions would
then include the ability to detect the current mode and the controllability /
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reachability notions may allow for the switching signal to be an additional
input. Our approach will presumably not carry over directly, because in our
framework we could still exploit the linearity of the (time-varying) dynamical
system, which will not be possible when the switching signal is not known.

A Some basics on linear algebra

Lemma 34 Let A:R™ — R™ be a linear mapping and S1, S2 be subspaces of R™. Then it
holds

1. (A718) = ATSE and (AS)t = A-Tst;

(ker A) =im AT and (im A)* = ker AT ;

(814 82)t =8¢ NSt and (81N Se)t =S¢ + S5

A (A7151 052) =851 NASsy;

AT (AS] + 82) = 81 + A71LS,.

Guds Lo o

Proof 1. [ Lemma 4.1],

2. [3, Property A.3.4],

3. The first statement is shown in [I6] Lemma 4.6], the second follows by computing the
orthogonal complement,

4. “C”: A (A*1$1 ﬂSg) CAA7ISINAS; =S NIim AN AS: = S1 N ASs.

“D7: Let x € S1 N AS2, e x € §; and Jy € Sa : © = Ay. y fulfills Ay € S1, hence
y€AT1S; and y € A718 NS, Finally, s = Ay € A (A~181 N Sy).

5. “:_) 7: 81+ A—1$2 =81 +ker A+ A_182 = A—1A81 + A—182 - AL (ASl +82)
“C”: Let + € A1 (AS] + S2), hence there exist s1 € S; and s2 € Sy such that
Ax = Asy+s2. Therefore A(x—s1) = s2,i.e. t—s1 € A~1Ss. This gives z € S1+A"1Ss.

O

Lemma 35 Let IT : R™ — R™ be a projector and S be a subspace of R™. Then it holds

1. S+ ker Il = I1S +ker IT and SNimIT = [I~'SNim IT;
2. imIICS & [I71'S =R";
3. forkerII CS:imIINS =1IS.

Proof 1. The second statement follows from the first by computing the orthogonal com-
plement using Lemma and renaming S = S+ and IT = IIT. Consider the first
statement: “C”: Let « € S 4+ kerIl, ie. 3s € S,y € kerll: x = s+ y = IIs +
(I-HI)s+y) € IIS +kerIl. “O”: Let « € IIS + kerIl ie. 3s € S,y € kerIl:
e=Ms+y=s+(II —I)s+y) € S+kerll.

2. Let im IT C S. Then it holds R® = IT~1 (im IT) C IT~1S.

For the other inclusion it holds im IT = I[IR™ = II (H_ls) C S because of IT (H_IS) -
S.

3. Let z € imII N'S. Hence I1xz = x and thus x € IIS.

Let © € IIS, i.e. there exists s € S with ¢ = IIs. It is s = IIs + (I —II)s. As
(I —1II;)s € ker II C S it follows z € S and hence z € im I N S.
O

B Proofs of Section [4.2]

Proof of Lemma[I5 Write a, b as a = ap + Y ,craalt] and b = Bp + >, s b[t]. The
product of >, ra aft] and 37, e b[t] (or their time-inversions) is zero for both causal
and anticausal multiplication. The product of ap and Sp is the same for both kinds of
multiplication, furthermore yields Ir {ap *c Bp} = Ir {ap} *c Ir {Bp}-
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Using the linearity of Z7r it is sufficient to consider the product of a piecewise-smooth
function and a Dirac impulse (or derivatives of a Dirac impulse):

Tr{ake b}y = TIr{a®t)se} = atT)or_y = Fr{a} (T —t)7)dr—s
= Ir{a} *ac 67—+ = Ir {a} *ac T7 {0t}

and analogously J7 {0t *c a} = T {0t} *ac J1 {a}. Applying the differentiation rule of the
multiplication gives inductively for D = ¢, 651) , 5t2 e

TIp{D' xca} = Tp{(D*ca) —Dxca'}

(T {D*ea}) — Fp{D#ca'}

" (F7 (D} %ac Tr{a}) = Tr {D} +ac Tr {a'}

— (1 {D} #ac Tr{a}) + Tr {D} #ac (Fr {a})
= — ((Z2{D}) *ac Tr {a})

I {D/} *xqc IT {}.

and analogously for 71 {a *c D'}. Hence the first statement is shown. The second statement
follows by applying @ = Jr {a} and b = Jp {b} to the first statement and using the
involution property D = Jp {Jr {D}}.

Proof of Lemma As in the proof of Lemma [15| we observe that it suffices to consider the
product of a piecewise-smooth function o and a Dirac impulse:

a *c 0p = a(t+)5t = 0t *qc @ and @ #qc 0t = a(t™ )t = Ot *¢ Q.

Hence the entries of the matrices (A x. B)—r and BT 4. AT are identical.

C Proofs of Section [5.3]

While the proof for controllability can easily be deduced from the one for switched DAEs
without impacts given in [I5], the same is not true for observability and determinability.
The proofs in [21] [25] use properties of jump and impulse of a switched DAE which do not
hold true any more when impacts are added to the system. Hence these proofs are given here
together with the proof for reachability, which has not been considered before for switched
DAEs.

Proof of Lemma[26 Controllability: The proof is analogous to the one for switched DAEs
without impacts given in [I5].

Reachability, “C”: Let xp € Rgol‘T>, i.e. there exists (u,z,y) € By, with z(0t) =0
and (T~ ) = zp. We assume u to be zero on [t1,t1 + ¢) for some ¢ € (0,71) ([I5, Lemma
3.3]). Define @ := u(_og ¢,), & = U[t; ,00) and corresponding solutions Z, 2 with zero initial
condition. Clearly, z = T+ &. It holds Z(¢; ) € Co and therefore Z(T~) € AT o8 C.
For Z it holds &(¢; ) = 0 and hence &(T~) € Cy. This gives (T~) = z(T~) + z(T~) €
eA?‘ffﬂ—1 H?iHH1C0 +Cy.

Reachability, “27: Let xp € C1 + eA?]“Tl H?iﬂcho. Hence there exists 1 € Cg such
that o7 — eAT T IT8FH 20 € Cy. Define @ on (0,£1) such that (a,7,7) € By, with zero
initial condition and %(t]) = 1 and define @ on (t1 + €,T) for some € € (0,71) such
that (4, 2,9) € By, with zero initial condition and &(T~) = zp — AT 8T H 21, Note
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that u is zero outside (0,¢1) and 4 is zero outside (t1 + €,T). It holds for (u,z,y) =
@+4,T+2,5+9) € Boy: x(07) =z(0F) +2(07) =0 and

diff . diff .
o(T)=z(T)+&T") =M "I H 21 4 27 — AT MIITH 2 = 2.

Hence C1 + eA?ifle Hi“fleco - ’RE,OI’T).
Observability, “C”: Let zg € Z/IOSOI’T), i.e. there exists (0,z,y) € Bs with (07) = zo
and y(o,r) = 0. This gives
L. y(0,t) = 0, which is equivalent to z(0~) € ker OFiff N V{;
2. y(¢;,7) = 0, which is equivalent to J:(tir) € ker O N V¥ and thus

w(ty) e (I8 (e € (187H) T (kerOFT 0 V)

) -1 . . .
C (H;hfle) ker OUfF = ker (og“ffnflffﬂl) ;
3. y[t1] = 0, which is by ([L4b) equivalent to z(t; ) € ker <O;mpﬂimpH1).
Using z(t; ) = A5 7o 2(07) for the input-free solution z gives the desired inclusion
UL C im My N ker O3 [ =45 70 (ker (OSTI155 by ) (v cer (O™ 1™ Hy ) )

: iff

Observability, “O”: Let o € im IToNker Og‘ﬂﬂe*Ag f TUL{{{. Then there exists a solution

(0,z,y) € By, with (07) = z¢ as o € im Il is consistent. By the derivations above it
follows y(o,7y = 0. Thus zg € MOS,OI’T).

Determinability, “C”: By (39) we know that for an input-free solution (0,z,y) € Bs,

with y(9,7y = 0 it holds z(t] ) € My = im ITy N ker Ogff NUH. Because of u = 0 this gives
diff : diff . .
o(T7) = e T ST E (67 ) € AT T TET gy (im ITo N ker Oiff mulH) .

iff . )

Determinability, “27”: Let 0 # xp € AT Hld“cle (im IIp N ker Oglﬁﬂb{{{). Using

(14a) there exists an input-free solution z with (0,z,y) € Bs, and 0 # x(t] ) € im IIg N
. . iff

ker Oglﬂ n UlH (as im ITo N ker OS‘H N e*A(Oi ! T"UlH C Vj is a set of consistent initial values

0,T
SR O

and nonempty by assumption). Using (39) this gives Yo,r) =0, i.e. zp € UD

The proof of gives for ./\71 = im Ilp N ker Ogiff ﬂZ/{P:
{ =7) ‘ (0,2,) € By, with yio 1) =0 } = M. (39)

Note that one gets the same space Ml if one assumes only y(s, ¢, ¢, 4e,) = 0 forei,e2 > 0.
The restricted switching signal o>¢, , has only one switch on the open interval (0,%;41).

Hence we get for /T/L
{27) | 0,2,9) € Bow_, with y,_y i) | = M. (40)

Proof of Theorem@ We start by proving the recursions. For controllability, the proof can

be carried out analogously to [15]. The formulas are shown by induction. The induction start

(i = 1 for reachability and determinability, ¢ = m for observability) is precisely the single

switch case (Lemma . For reachability, ¢ = 0 corresponds to an unswitched system.
Reachability: Analogously to it holds for i > 1

R((IO,tHl) —C + eA;.“fanidifinRgo,ti)‘
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Hence it holds by induction
RO+ = Qi for i =0,1,...,m.

(ti—2,T)
oty g Hence there

with z(tit2) =z;—2 and y(;;_, 1) = 0. Thus it holds

Observability: Assume the statement holds for i: Let ;o € UO

exists (0,,y) € Bosy, ,

(ti—1,T) Ind.

Y(t;_1,T) = 0 = I(t:__l) (S Mog>ti71 = M,Zn,
(40) _ —~
Y(ti—g,t;) =0 x(t;_y) € Miy

—_ . -1 —
and therewith o(t;_;) € Mi—y N (IETH, 1) M. This implies
_pdiff _ A — . -1 — Def. —
o(th ) = e AiT2Tio2g(t ) € e Aim2Tio2 (MH n (U;‘;f{Hi,l) M;ﬂ) Vi

For the other direction let x;_o € ./\71’11 As ./\A/l/Z’il is a subset of E there exists a solution
0,z,y) € Bos,, , with z(t] ,) = x;_o. It holds z(t;_,) € M;_1, hence by we get
Y(t;_o,t;) = 0- :L"(tj'_l) € MZ” gives by induction y(;, , 7) = 0. Hence y, , 7y = 0 and
thus x;_o € Z/l(')(tifz'T)

O>t;_g *

—2

Determinability: For the induction step ¢ —1 — ¢ let ;41 € Z/{Dt(,o’ti“). Hence there
exists (0,,y) € Bo with @(t;} ;) = zi+1 and y(o,1,,,) = 0. Thus it holds

Yoy =0 = a(t]) eupiHt) i {ist
@) o~
Yti—1,tiv1) = 0 ! z(t; ) € M;.

All in all we obtain

_ diff_. diff_ . — ~i—1\ Def.
wis1 = a(tnyy) = AT Ma(tl) € AN Ty, (M 0 N P AT

For the other inclusion let x; 41 € /\7{“ Det. eA?iff"i Hidifin (/T/i/l ﬂ/\~/1i_1). Thus there exists
x; € ./T/l'I n /\712‘71 with z;41 = eA?m"i H?iﬁHixi. By the induction assumption it holds
J\~f1i_1 = UDPP') | hence there exists (0,z,y) € Bo with 2(t;) = x; and yo,,) = O.
xz(t;) € M; gives Y(ti_q,tipq) = 0 by ({40). Hence Y(0,t;41) = 0 and thus 41 = a(t; ) €
up @),

Characterization of system propteries: The system is reachable on [0,7] iff it holds
’RL[,O’T] = W By Lemma this is equivalent to ’RL(,O’T) = W and the claim follows from

ROT) _ om
O = gm.

The same argument can be used for observability, determinability and controllability.
For the latter, note that Py* NV = Vy is equivalent to Vg C PJ". [}

Proof of Theorem@ Controllability: By Theorem the system is controllable on [0, T]
iff V§ C Pg*. As in the proof of the theorem we use im Ky™? C Cyp C PJ* and Vi =
im Il 6 im K(i)mp to obtain as an equivalent criterion im [Ty C PJ*. By Lemma this is
equivalent to

oy pe = R™.

Using the recursion formula for P;* we can write Pj* explicitly as

i s -1 diff . -1
e () (e () ).
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The statement follows then by the fact that it holds IT diff — T for normalized systems.
Reachability: The recursion formula for Qy yields:

[ i—1—j X
Ag‘ff,7-7 diff
o =>_ | I[ "+ mifini | c;

7=0

By Theorem |27| this is the reachable set ’RE,O’T). It can be rewritten as

m—1 m—1—j
. : diff : diff . .
im Ko 4 N~ etm g3y, | ] etmowmmobmd® m, ) ¢ ) @ im KiRP.
=0 k=1

: diff
Normalization gives IT4f = IT. Using the commutativity of edm ™ and II,, as well as
im K3 = [17C,, gives

— m—1—j
T diff . .
RO — 110 | Con + &A™ H,,, § [T e* "+l i Hpoy | Cj | +im Ki2P.
k=1

The system is reachable iff ’R(O T = V* , which is equivalent to

m—1 [m—1—j
diff diff
Mo | Con + A" ™ H,, > [T e*m+™m "M kHpx | C | +ker [T, =R™.
7=0 k=1

By Lemma [B5|[T] this is equivalent to the claim.
Observability: Show by induction that it holds for the normalized system

m j—1

— diff

M =im Ty N ker O e A min gt [ () (] e el |y | (an)
j=i \ k=i

fori=m,..., 1.

diff .
For ¢ = m this holds true by the e~ Ai=1Ti~1_invariance of im II;_1 and ker O?if?
By the same argument we get for the induction step ¢ + 1 — i:

— . diff . -1 —
M =im IT;_ Nker ONE e~ Ai=iTim1 (uiH n (defH) ;11) .
For normalized systems it holds Hdl{:f II; and MH 1ui. This yields:
— . diff
M =im [T,y Nker O3 q e~ Aiimi-1 =1 (u NIt M. ) (42)

Observe that it holds H;l imII; = R™ and H;l ker O?iff DO U;. Hence we get from the
induction assumption

m Jj—1
diff diff
UnII; 1M1+1—U¢ﬂe_Ai T 1Hz+11 ﬂ H AN T H
j=i+1 \k=i+1

-1
- ﬂ [Te 2" m agl | w

Jj=i \k=1t

k+1 U

Inserting this into equation (42) yields the induction step. Finally, applying im IT;_1 N
ker O?ifg =imIl;_1 NU;—1 to (A1) for i = 1 gives the desired result.
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Determinability: We show by induction
Ni=11; (ul- neAM T T, ( . (u1 A eAT T Hlnouo) . ) .
For ¢ =1 it holds
N = AV pdifi gy, <im ITo N ker OFifF ulH) .
As the system is normalized it follows
N = AT Hy (1 0To 0 ker O3 1 HT 04y )
Applying Lemma @@ gives

~ diff .
N = ey (Hy (im o nker 081T) N4 )

Using im ITp N ker Ogiﬂ = IIy ker Ogiﬂ (Lemma and the eAiliff.Tl variance of U as
well as the commutativity of IT; and AT gives the claim for ¢ = 1.
By ./\711 C V! and ./\71Z - AT H?iEHiZ/{iH - AT ker O?iff = ker O?iff it follows for
Mi+1 : .
Mt ﬁ/ﬁ\vff = Mi}}H ﬂ./Vf
Hence it holds for the induction step ¢ — ¢ + 1:

oy diff ) ~
Nt = et il (qu ﬁNf) :
The same arguments as for the induction start yield
Nt — 7 ) Al i g AT
1 = 141 u2+1 Ne i+1/V1 | -

Therefore, the statement follows by Theorem O
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