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Abstract

We study switched nonlinear differential algebraic equations (DAEs) with re-
spect to existence and nature of solutions as well as stability. We utilize
piecewise-smooth distributions introduced in earlier work for switched linear
DAE to establish a solution framework for switched nonlinear DAEs. In par-
ticular, we allow induced jumps in the solutions. To study stability, we first
generalize Lyapunov’s direct method to non-switched DAEs and afterwards ob-
tain Lyapunov criteria for asymptotic stability of switched DAEs. Developing
appropriate generalizations of the concepts of a common Lyapunov function
and multiple Lyapunov functions for DAEs, we derive sufficient conditions for
asymptotic stability under arbitrary switching and under sufficiently slow aver-
age dwell-time switching, respectively.
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1. Introduction

We consider switched nonlinear differential algebraic equations (DAESs) of
the form

Eq()(x(0)2(t) = fo)(2(t)), (1)
where 0 : R — {1,...,N}, N € N, is the switching signal and E, : R" —
R™™, fp : R® — R™ are smooth functions. In particular, we assume that each
subsystem is a DAE in quasi-linear form

B(2)i = f(). (2)

Equations of this kind occur for example when modeling (nonlinear) electrical
circuits [1] or mechanical coupled systems [2]. Classical linear DAEs (i.e. without
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switching) of the form Ed = Az, with matrices E, A € R™*™, naturally appear
when modeling electrical circuits because Kirchhoff’s circuit laws add algebraic
equations to the differential equations stemming from capacitors and induc-
tances. For more details and further motivation for studying (non-switched)
DAESs the reader is referred to [3]. Adding, for example, (ideal) switches to an
electrical circuit or allowing for sudden structural changes in mechanical systems
yield a switched DAE as in (1). When studying the zero dynamics of an ordi-
nary differential equation (ODE) one arrives at a DAE because of the additional
algebraic constraint 0 = y = h(x), where h : R™ — R™ is the output function.
In particular, using a switched controller to stabilize the zero dynamics (as was
done in [4]) yields a switched DAE (1) even if one starts with an ODE.

The aim of this paper is a stability analysis of (1) with the help of Lyapunov
functions. For this we first need to establish a Lyapunov theory for non-switched
DAEs in quasi-linear form (2) and secondly we need to define a suitable solution
framework for the switched DAE (1).

The use of Lyapunov functions is a powerful tool to study stability of nonlin-
ear differential equations. However, it is not immediately clear how Lyapunov
functions can be defined for implicit differential equation such as (2). The
main problem is that, given a function z — V' (x), its derivative along solutions
V(x) = VV(x)Z can not be expressed directly in terms of the right-hand side
f(z), because & is not explicitly given. We resolve this problem and generalize
the well known Lyapunov’s Direct Method to implicit differential equations of
the form (2). In the linear case Fi = Ax there have been generalizations of Lya-
punov’s Direct Method, e.g. in [5, 6], but no general definition of a Lyapunov
function is given, hence our result is also new for the linear case. Note that
a fully general implicit differential algebraic equation F(z,%) = 0 can always
be rewritten as (2) by introducing the new state variable z = &. Therefore,
the consideration of the special form (2) is not a hard restriction of generality.
However, we later impose additional assumptions on (2) to ensure existence and
uniqueness of solutions.

One major problem of studying switched DAEs of the form (1) is the presence
of jumps in the solutions induced by the presence of so-called consistency spaces.
We are using the piecewise-smooth distributional framework from [7, 8] to define
solutions of the switched DAE (1). In this framework % is well defined even when
x contains jumps, in which case & contains Dirac impulses. It should be noted
that a general distributional solution framework (i.e. not considering the smaller
space of piecewise-smooth distributions) will not work, because 1) the nonlinear
function evaluations F(z) and f(x) are not defined for distributions and 2) the
product E(x)i is not defined even when F(x) is a piecewise-smooth function.

All results presented here apply of course also to a linear switched DAE

E,i= Az, (3)

where E,, A, € R™*" forp € {1,..., N}. In this case some of the results simplify
significantly and we will formulate corollaries to highlight the linear case. We
have studied stability of the linear switched DAE (3) already in [9]. However,



our nonlinear results presented here applied to the linear switched DAE (3) still
generalize the results in [9]. In particular, the notion of a Lyapunov function as
well as the dwell time results are significantly generalized.

Although the two research fields “DAES” and “switched systems” are now
relatively mature, see e.g. the textbooks [3] and [10], the combination of both
has not been studied much even in the linear case. The existing literature avail-
able on switched DAEs [11, 12, 13, 14, 15] does not consider stability problems.
Furthermore, the fundamental problem that one needs distributional solutions
for a switched linear DAE (3) and at the same time the equation (3) cannot be
evaluated for distributional x is not resolved there. This problem is resolved (at
least for linear switched DAES) if, as an underlying solution space, the recently
introduced space of piecewise-smooth distributions [7, 8] is considered. For this
space the products E,& and A,z are always well defined (provided the switch-
ing signal does not switch arbitrarily fast). A summary of the corresponding
definitions can be found in the Appendix.

It might be possible to reformulate the switched DAE (1) as a hybrid sys-
tem in the framework of [16] by writing (1) as & € E,(x)~!(f,(z)); however,
by doing so, we lose the special structure of (1). In particular, the jumps of
the states are implicitly given by (1) and no additional jump map needs to be
considered. This is a major difference between switched DAEs and switched
ODEs with reset maps. Another related research subject are so-called comple-
mentarity systems as e.g. in [17] which is more general then the linear switched
DAE (3) because it is used to model elctrical circuits with diodes. However, the
complementarity condition contains inequalities which makes the analysis more
involved.

The structure of the paper is as follows. In Section 2 we study the non-
switched DAE (2) and generalize Lyapunov’s Direct Method to the DAE case
in Theorem 2.7. This result is based on a presumably new definition of a Lya-
punov function for the DAE (2) as formulated in Definition 2.6. In Section
3 the distributional solution framework for switched DAEs of the form (1) is
introduced. We formulate Assumption A4 which under certain regularity as-
sumptions on the subsystems guarantees existence and uniqueness of solutions
of the switched DAE (1), see Theorem 3.5. In Section 3.2 we consider the linear
case and observe with Corollary 3.10 that the linear equivalent of Assumption
A4 ensures the existence of impulse-free solutions of the linear switched DAE
(3). Furthermore, we give an explicit formula for the consistency projectors in
Definition 3.8. Finally, in Section 4 we generalize the well-known results that the
existence of a “common Lyapunov function” implies asymptotic stability under
arbitrary switching; the novel element is that this Lyapunov function must take
into account the consistency projectors as formulated in Theorem 4.1. We also
prove an average dwell time result in the spirit of [18] for switched nonlinear
DAEs (1) in Theorem 4.4.

The following notation is used throughout the paper. N,Z,R,C are the
natural numbers, integers, real and complex numbers, respectively. For a ma-
trix M € R"™™ n m € N, the kernel (null space) of M is ker M, the im-
age (range, column space) of M is im M, and the transpose of M is M €



R™>™  For a matrix M € R™ "™ and a set S C R", the image of S un-
der M is MS := { Mz € R" |2 €S } and the pre-image of S under M is
M8 = {ze€R" |y eS: Mx=y }. The identity matrix is denoted by
I. For a piecewise-continuous function f : R — R the left-sided evaluation
lim\o f(t —¢) at t € R is denoted by f(t—). The space of differentiable func-
tions f : R — R is denoted by C*, the space of piecewise-smooth functions is
denoted by Cgy, the space of distributions is denoted by I and the space of
piecewise-smooth distributions is denoted by Dpwcee, for detailed definition of
these spaces see the Appendix. The set of switching signals considered here is

locally finite number of jumps

o is right continuous with a
Y=< oc:R—-{1,...,N}

where N € N is the number of subsystems.

2. Non-switched DAEs and Lyapunov functions

2.1. Classical solutions and consistency spaces

Consider for now the (non-switched) nonlinear DAE (2)

A (classical, local) solution of (2) is any differentiable function = : J — R"
which fulfills (2) on some interval J C R. Due to the time-invariant nature of
(2) we can always assume that J = [0,7T) for some T € (0, o0].

Definition 2.1 (Consistency space). The consistency space of (2) is given
by

Cpr:={x0€R" | Isolution z: [0,T) — R" with z(0) =z }.
Each zg € €, 4) is called consistent initial value.

Time-invariance of (2) implies that all solutions z of (2) evolve within €g ¢,
ie. z(t) € €g s for all t € [0,T). In general, it is not easy to characterize the
solution behavior of (2); for details see e.g. [19, 20, 21]. Here we just assume
that the solution behavior is not drastically different from the regular linear
case:

Assumption 2.2. The nonlinear DAE (2) satisfies:
A1l f(0) =0, in particular 0 € &g ),
A2 €g s is a closed manifold (possibly with boundary) in R™.

A3 For each zp € €g ¢ there exists a unique solution z : [0,00) — R™ with
2(0) = 2% and z € (C' NCx)"™.



Remark 2.3 (On A3). First note that due to the time-invariance of (2) the
initial time in A3 can be chosen arbitrarily. Secondly, we exclude systems
which exhibit finite escape time. Finally, the assumption that the differentiable
solution is also piecewise-smooth is just a technical assumption which will be
needed later for studying switched DAEs. It should be possible to avoid this
assumption, but then the distributional framework used to study the switched
case must be adjusted accordingly. For example, the product of a differentiable
function with the Dirac impulse is formally not defined in the forthcoming dis-
tributional framework, but it is straightforward (although cumbersome in all
generality) to extend the definition to deal also with this case.

For the linear case
Ei = Ax (4)

with E, A € R™*™ Assumptions A1l and A2 are fulfilled trivially (by linearity
the consistency space is a linear subspace, see also the forthcoming Theorem
2.4), and A3 is fulfilled if and only if the matrix pair (F, A) is regular, i.e. the
polynomial det(Fs— A) € R[s] is not the zero polynomial (for details see e.g. the
textbook [3]). Furthermore, regularity of the matrix pair (E, A) is equivalent to
the existence of invertible matrices S, T € R™*" such that a coordinate trans-
formation of the codomain and domain by S and T yields the quasi- Weierstrass

S san— ([ 2.2 ) .
’ B 0 N|'|0 [ ’

where J € R™*™ n; € N, is some matrix and N € R"2*"2 ny = n — nq, is
nilpotent, i.e. N™ = 0. The smallest number v € N such that N¥ = 0 is called
the index of the corresponding linear DAE Ei = Az. It is not difficult to see
that the consistency space Cg 4 is spanned by the first n; columns of T". Note
that the quasi-Weierstrass form implies that any classical solution is not only
differentiable but actually analytic. A convenient way to calculate the matrices
S and T is the usage of the so-called Wong sequences of subspaces.

Theorem 2.4 ([22]). Consider a regular matriz pair (E, A) with index v and
define the associated Wong sequences by

Vo = R", Vigr = AY(EV), i=0,1,..., v ::ﬂvi

Wy := {0}, Wit1 = Eil(AWi), 1=0,1,..., W* = UWz

The Wong sequences are nested and get stationary after exactly v steps. For
any full rank matrices V,W with imV = V* .=V, and imW = W* :=W, the
matrices T = [V,W] and S := [EV,AW]~! are invertible and (5) holds. In
particular

Cpa=V"



The intuition behind the first Wong sequence Vy, Vi, ... is the following:
Putting no constraint on & still yields a constraint on z, because Ei = Ax
implies that z € A=}(im E) = A=Y(EV,) = V1. Constraining x also constrains
. Hence € V; and using the same argument as above implies that x €
A~Y(EV;) =V, and so forth. To some extent this idea can also be applied to
obtain the consistency space for non-linear DAEs [19, 21]. For ODEs, a similar
approach of constructing nested subspace sequences was also used to study zero
dynamics [23, Sec. 6]. In fact, the similarity is striking when rewriting the linear
system & = Az + Bu, y = Cx + Du with zero output as a linear DAE

I 0 (z\ |A B|/[=

b o () =1¢ 510
Remark 2.5 (Linear index-one case). From the quasi-Weierstrass form (5)
it follows that the (classical) solutions of (4) do not depend on N, or, in other
words, the solutions remain the same when N is set to be the zero matrix. By
definition this is equivalent to assuming that the matrix pair (E, A) is indez-
one. The importance of N only shows up when studying switched DAEs, where
a non-zero N might produce impulses in the solutions (we will study impulse
free solutions in more detail in Section 3.2). An easy way to exclude impulsive
behaviors is an index-one assumption for all subsystems, i.e. assuming that in
each quasi-Weierstrass form (5) the nilpotent matrix is the zero matrix. How-
ever this assumption excludes a large class of interesting switched DAEs. For
example, if all subsystems have the same consistency space, then all solutions of
the corresponding switched systems will have neither jumps nor impulses, inde-
pendently of the index of the subsystems. In Section 3 we propose Assumption
A4, whose linear equivalent (13) ensures impulse-free solutions and is implied
by the above two stricter conditions (index-one or same consistency spaces).

2.2. Stability and Lyapunov functions

We call the DAE (2) asymptotically stable when all solutions converge to
zero as t — oo and for every € > 0 there exists a § > 0 such that for each
consistent initial value 20 € €g ; with |2° < § the corresponding solution
z : [0,00) — Cg ¢ fulfills |z(¢)] < € for all ¢ > 0. The only difference with
the classical definition of asymptotic stability is the restriction to consistent
initial values. Later, in the switched case, we have to reconsider this restriction,
because due to the switching it is not guaranteed that the initial value at a
switching instant is consistent.

Definition 2.6 (Lyapunov function). Consider the DAE (2) satisfying A1-
A3. A continuously differentiable non-negative function V : €g y — R with
the following properties:

L1 V is positive definite, i.e. V(z) =0 < x =0, and for all z € €g ¢ each
sublevel set V1[0,V (z)] C €g ¢ is bounded (hence compact by A2),



L2 3F : R" x R" — R>( continuous such that VV(z)z = F(z, E(x)z) for all
z€Cpy, 2 € T,Cpy, where T,€g y C R™ is the tangent space of €g y at
z,

L3 V(z) == F(z, f(z)) <0 for all z € €g ;\{0}
is called Lyapunov function for (2).

Note that in the linear case (4) the tangent space T,€g 4 is identical to
the consistency space €g 4 for all x € €g 4, hence L2 simplifies in this case.
Furthermore, for any non-trivial solution z of (2) with a Lyapunov function V/
it holds that

SV (@) = YV (@(0)i(t) 2 F(a(t), B()i())

hence V' is decreasing along solutions.

Theorem 2.7 (Lyapunov’s direct method). Consider the DAE (2) satis-
fying A1-A3. If there exists a Lyapunov function for (2) then (2) is (globally)
asymptotically stable.

PROOF. Stability

For ¢ > 0 consider the set B, := { x € g, A) | |z =€ } which is empty or
compact by Assumption A2. If B, = () then each solution starting within
the set enclosed by B. cannot leave this set, hence stability follows in this
case. Otherwise, let b := min,ep. V(x) where positive definiteness of V' implies
b > 0. Continuity of V' and V(0) = 0 guarantees the existence of § > 0 such
that V(z) < b for all |z| < 4§, in particular 6 < . From (6) it follows that
t — V(z(t)) is decreasing for any solution z of (2), hence any solution z with
|z(0)| < ¢ fulfills V(z(t)) < b for all ¢ > 0. Secking a contradiction, assume
there exists ¢ > 0 such that |z(t)| > &, then, by continuity of x together with
|z(0)] < & < &, there exists t; € (0,¢) such that |z(t1)| = £ which leads to
Convergence to zero

Step 1: V(z(t)) — 0 as t — oo.

Let © : [0,00) — €g; be any non-trivial solution, then the non-negative
function ¢ — v(t) := V(x(t)) > 0 is strictly decreasing by (6). Therefore,
v = lim;_ v(t) is well defined. Seeking a contradiction, assume v > 0. Then
v(t) € [v,v(0)] for all £ > 0. By L1 and continuity of V, K := V~!{u,v(0)]
is a compact set, hence M := V(K) C R is also compact (since V is contin-
uous) and 0 ¢ M. This implies that m := —maxM > 0 and, in particular,
V(t) = LV (2(t)) = V(a:(t)) < —m < 0 for all t > 0. Hence v(t) < v(0) — mt
for all ¢ > 0, which contradicts v(t) > 0 for all ¢ > 0, hence v = 0 must hold.
Step 2: x(t) — 0 as t — oo.

Seeking a contradiction, assume x(t) # 0, then there exists a sequence (&, )nen



with ¢, — oo asn — oo and € > 0 such that |z(¢,,)| > €. By L1 and (6), each so-
lution x evolves within the compact set V=10, V(z(0))], hence there exists a con-
vergent subsequence of x(t,,) with limit 2* # 0. By continuity and positive def-
initeness of V' we arrive at the contradiction 0 = lim; oo V' (2(t)) = V(z*) > 0.

Remark 2.8 (Local asymptotic stability). The sublevel-sets-compactness as-
sumption in L1 (or the commonly used stronger assumption of radial unbound-
edness) of V is not needed to show local asymptotic stability. This follows from
the observation that continuity and positive definiteness of V already implies
that V=10,V (z)] N {]z| < 1} is compact for sufficiently small .

Remark 2.9 (The linear case). In the linear, regular case it is well-known
[5]! that Fi = Ax is asymptotically stable if, and only if, there exists a solution
(P, Q) € R™*™ x R™*"™ of the generalized Lyapunov equation

ATPE+E"PA=—-Q, (7)

where P = PT is positive definite and Q = QT is positive definite on €5 4. In
fact, it is easy to see that then V(z) = (Ez)" PEx is a Lyapunov function in
the sense of Definition 2.6 with

VV(z)z = (Ex) ' PEz + (Ez) ' PEx =: F(z, Ez)

and
V(z)=2"(ETPA+ A"PE)z = —2"Qxz <0 on <(B,A)-

Compare also the result in [24] which yields the same Lyapunov function under
weaker assumptions, at least when the matrix pair is already in Weierstrass
normal form [25].

If the linear system Fi = Az is index-one, i.e. N = 0 in the quasi-Weierstrass
form (5), it is shown in [6, 25] that asymptotic stability is also equivalent to the
existence of a solution P € R"*™ of

P'TA+ATP=—-Q, PTE=E"P>0,

for any positive definite @ € R"*". The corresponding “unsymmetric” Lya-
punov function? is given by V(z) = (Ex) " Px with

VV(z)z = (Bx)" Pz +(Ez)" Px =: F(x, E2)
—
=xTPTEz

and _
V(z)=z" (PTA4+ ATP)z = —2"Qz < 0.

L Actually, in [5] only the complez-valued case is studied; however, by considering the real
part of the generalized Lyapunov equation (7) we also obtain real-valued matrix pairs (P, Q)
with the desired properties.

2We thank Emilia Fridman for making us aware of this Lyapunov function construction.



We conclude this section with an example which illustrates the application
of Theorem 2.7.

Example 2.10. Consider the nonlinear DAE

sinxg cosxg 0 T —x1Sinxg — T COST3
0 0 0 .i‘g = 1 COST3 — X2 sin I3 s (8)
0 0 0 T3 r3 — 2% — 23

which fulfills our Assumptions A1, A2 and A3. The consistency space is given
by the equation x3 = 2% + 22 and x; coszz = Ty sinws; the projection to the
x1-ro-plane is illustrated in Figure 1. Note that the consistency space can be
parametrized by

Cpyr={ (0sin6?0cos?6°)" |0€R }.

T2

RS

S~

Figure 1: Consistency space of Example 2.10 in the z1-z2-plane (the dynamics within the
consistency space are shown by the arrows).

The corresponding tangent space is given by
T,CE ; = span {(a:1 + 2x913, T2 — 27173, 21‘3)T} for x #0 (9)

and TpCg ¢ = span {(O, 1, O)T}. We propose the following Lyapunov function
candidate:
V(z) = z3.

For all z € € ; it follows that z3 = 2?2 + 23, hence V fulfills L1. For = € Ce s
and v € E(z) Y (T,€Cp ¢) let

2$3U1

F(z,v) := . )
X1SInXx3 + Ty COSIT3



then forall x € €g ¢, 2 € T,Cg ¢ and by using (9) as well as z1 cos x3 = xasinxs
we get
F(z,E(z)z) = z3 = VV(2)z,

hence L2 is fulfilled. Finally,

. T —z1sinzz—x3 cosa3 2x3(—xosinxg — xo coST
V(;[;) =F <(z2) , ( T1 COST3—T2Sin T3 >) = 3( 2 3 2 3) = 72‘%37

T3 z3—2? a2 T1sin s + To cos T3

hence L3 is fulfilled and V is a Lyapunov function for (8) and Theorem 2.7
shows that (8) is globally asymptotically stable.

3. Solutions of switched DAEs

3.1. The general nonlinear case
Recall the switched nonlinear DAE (1)

Es(z)t = fo(z),

where each subsystem E,(z)t = f,(x), p = {1,..., N}, fulfills Assumptions
Al-A3 and 0 : R — {1,..., N} is an admissible switching signal, i.e.

ceX:={o:R—{1,...,N} | o is right continuous with a locally finite number of jumps }.

As an underlying solution framework for (1), we will use the space Dpyco of
piecewise smooth distributions which was introduced in [7, 8] for studying lin-
ear switched DAE. For a short summary of the basic definition and the main
properties of piecewise-smooth distributions see the Appendix.

Definition 3.1 (Solution of switched nonlinear DAE). A solution of (1)
on some interval J C R is any piecewise-smooth function x € (Cgy,)"™ such that
(1) restricted to J holds as an equation of piecewise-smooth distributions, i.e.

(Eo(x)(xD)/)J = (fo(z)p)J,

The product E(x)(xp)’ in Definition 3.1 is well defined, since by assumption
t — E(xz(t)) is piecewise smooth and (zp)’ is a piecewise-smooth distribution.
Note that this definition of a solution does not allow for Dirac impulses in the
solution. There are two reasons for this: 1) It is not clear how a nonlinear
function of a Dirac impulse should be defined in general and 2) for stability
analysis the existence of Dirac impulses in the solution can be interpreted as an
undesired unstable solution. However, in Section 3.2 we will also study solutions
with impulses for linear switched DAEs.

In the following we will give sufficient conditions which ensure existence and
uniqueness of solutions of the switched DAE (1).

Assumption 3.2. The switched DAE (1) and the corresponding consistency
spaces €, :=Cg, r,, p € {1,..., N}, satisfy:

10



A4 Vp,ge{l,...,N} Vz, €€, Junique v € €, : af — x5 € ker B (x7).

Note that Assumption A4 is always fulfilled, with z7 = z, if the subsystems
are ODEs (i.e. E,(z) is an invertible matrix for each = and p). Clearly, As-
sumption A4 makes it possible to define nonlinear consistency projectors Ilg,
ge{l,...,N}:
Hq:U¢p—>(’Zq, S
P

where z§ is the unique value given by Assumption A4. In particular, IT,(z) = x
for all x € €,. In general it might not be easy to check A4 and to give an explicit
definition of the consistency projector. However, in the linear case matters
simplify significantly, see Section 3.2.

Remark 3.3 (Assumption A4 for a single system). Note that Assumption
A4 applied to each single system, i.e. p = ¢, additionally restricts the possible
nonlinear DAESs even without switching: In A4 one can always choose z¢ = x;

if p = ¢ and the asserted uniqueness of x§ implies therefore
Vol €€, kerEy(zi)n{af —ay |25 €€, } ={0}. (10)

So in addition to A1-A3 each subsystem must also fulfill (10). In the linear
case it can be shown that A3 already implies (10), but in the general case this
is not true as the following example shows:

SCQi?l =0

To=1

Considering the initial value z5(0) = to, the DAE reduces to #1(t) = 0 for
t # —to. For any initial value x( there exists a unique classical solution, namely
x(t) = xo for all t € R, hence A3 holds. However, condition A4 is not fulfilled
because (10) does not hold. In fact, when allowing jumps in solutions (as in the
case for switched DAEs) uniqueness of solutions is lost, because « can have an
arbitrary jump at ¢ = ¢, without violating the DAE (in a distributional sense).

Example 3.4 (Example 2.10 revisited). It is not difficult to show that As-
sumption A4 or, equivalently, (10) is not fulfilled for Example 2.10, hence when
allowing jumps in solutions the uniqueness of solutions cannot be guaranteed
anymore. However, we can use the fact that from 27 4+ 23 — 23 = 0 it follows
that 2x141 + 22022 — 23 = 0, hence the altered nonlinear DAE

sinxs cosxg 0 T1 —x1 sinxg — L9 COS T3
21y 2x9 —1 Zo | = | zicosxs —agsinxzg |, (11)
0 0 0 T3 r3 — a3 — a3

has the same (classical) solution behavior as the DAE (8). One can show that
now (11) fulfills Assumption A4 for p = g. The reason is that by including
the term 2x14, + 2z9%9 — £3 we imposed more differentiability conditions on

11



the state space variables and therefore prohibited certain jumps. In particular,
all solutions of the DAE (11) must have a differentiable third component; this
property did not directly follow from the DAE (8), because the derivative of z3
did not appear.

Theorem 3.5 (Existence and uniqueness of solutions of switched DAE).
Consider the switched nonlinear DAE (1) satisfying A4 and A1-A8 for each
subsystem. Then for every switching signal o € ¥ and every xg € €59y there
exists a unique solution x € (Cgg,)"™ of (1) on [0,00) with x(0—) = xo. Further-
more, for all t € [0,00) and all solutions x of (1),

w(t) = Iy (2(t-)),

where II,,, p € {1,..., N}, are the consistency projectors induced by A4. In
particular, on each interval which does not contain a switching time, x is a
classical solution of the corresponding subsystem.

PROOF. Step 1: Existence of a solution.

Let to =0and ¢t; > 0,7 =1,2,... be the ordered switching times of o after ¢y
and let p; := o(#;). Inductively and invoking Assumption A3 choose z* € (C* N
Cos)™, i € N, such that 2 is the unique (classical) solution of Ej, (¢)i" = f,, (z")
on the interval [t;,¢;41) with z°(¢;) = IL,, (z*"1(t;—)), where 271 (to—) := zo.
We show that any = € (C35)™ with #(0—) = xo and xy, 4,,,) = €'}, 4,,,) for
i € N solves the switched DAE (1) on [0, 00). By definition « solves (1) on each
open interval (t;,t;+1) and it remains to check that

(Ey(x)(2p))[t:] = (fo(z)p)[t:] =0 for alli € N,

where D[t] denotes the impulsive part of D € (Dpwee)™ at t € R (see Appendix
for details). Invoking the properties of piecewise-smooth distributions, it follows
that

(Es(z)(zp))[t:] = Ep, (x(t:)) (x(t:) — x(ti—)) o,
= Ep, (I, (z(t:—))) (M, (x(ti—)) — x(ti—))dr, =0,

where the last equation follows from Assumption A4. Hence z is a solution of
(1) on [0, 0).

Step 2: Uniqueness of the solution.

With the notation as in Step 1 it suffices to show that the solution z as con-
structed above is unique on [0, ¢1 ), uniqueness on [t1, 00) follows then inductively.
Let z € (Cpy)" be a solution of (1) on [0,t1) with 2(0—) = xg. With a similar
argument as in Step 1 it follows that

Ep, (2(0))(2(0) = 20) =0,

hence Assumption A4 ensures z(0) = I, (zo) = x(0). Furthermore, Assump-
tion A4 also implies that z(t) = z(¢t—) for all ¢ € (0, ¢1), hence z is continuous on
(0,t1) which together with Assumption A3 implies that z(g¢,) = T(0,s,). Hence
uniqueness of the solution is shown.
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Remark 3.6 (Index-one systems). A sufficient condition for A4 is the pos-
sibility to transform each nonlinear DAE subsystem into

&y = g(w1,22)
0= h(xl, 1‘2)

where h is such that zo can be solved in terms of x;. This is often called the
index-one case. However, Assumption A4 is weaker because it could hold even
when not all subsystems are index-one, see also Remark 2.5.

Remark 3.7 (No additional jump map). Although switches induce jumps
in solutions, it is not necessary to define additional jump maps; these are im-
plicitly given by the subsystems themselves which fulfill Assumption A4. This
is a special feature of switched differential algebraic equations and is in contrast
to switched ODEs with jumps.

3.2. The linear case
Consider the linear switched DAE (3)

E,i=A,x,

where E,, A, € R"*" p e {1,...,N}, and 0 € ¥ is the switching signal. As
already mentioned above, the Assumptions A1-A3 for each subsystem reduce
to the regularity condition det(E,s — A,) # 0 for each subsystem. Under this
assumption (in particular without assuming A4) it already follows from [7,
8] that existence and uniqueness of solutions of (3) is guaranteed. However,
these solutions are then elements of the space of piecewise-smooth distributions
and will therefore, in general, contain Dirac impulses and their derivatives.
Since the presence of impulses in solutions can be seen as an undesired unstable
behavior, we would like to give an easily checkable condition which ensures
that for arbitrary switching all solutions of (3) are impulse-free. It will turn
out that this condition is equivalent to Assumption A4 but is easier to check
in the linear case. For the formulation of this condition, we define the linear
consistency projector of a regular matrix pair (E, A).

Definition 3.8 (Linear consistency projector). Consider a regular matrix
pair (F, A) € R**™ x R"*" and, invoking Theorem 2.4, choose invertible ma-
trices S, T € R™"*™ such that (SET, SAT) is in quasi-Weierstrass form (5) with
n1 X n1 and ne X ne the corresponding diagonal block sizes. The linear consis-
tency projector is then given by

I 0] o
H(E,A) =T |:0 0:| T 1»

where [ is an n; x n; identity matrix.
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Let V* and W* be the limits of the Wong sequences as in Theorem 2.4. Then
it is easy to see that the definition of Tl g 4) is independent of the choice of T'
and that it is a linear projection onto V* = € 4) along W*, i.e.

H?E,A) = H(E,A)7 imH(E7A) = Q:(E,A) = V*, and keI‘H(EA) = W* (12)

With the help of the linear consistency projectors it is now possible to give an
easily checkable characterization of Assumption A4.

Theorem 3.9 (Linear version of Assumption A4). Consider the switched
linear DAE (3) and let I, := Il(g, 4,), p € {1,..., N} given as in Definition
8.8. Then Assumption A4 is equivalent to

Vp,ge{l,....N}: E,(II,— DI, =0 (13)

and the linear mapping x, — xa' = Iz, coincides with the consistency pro-
jector associated with Assumption A4.

PrOOF. Let p,q € {1,...,N} and x5 € &€, := &g, 4,) be arbitrary and fixed
in the rest of the proof.
Step 1: We show (13) = A4.
Let xar =1yxy € €= &g, a,), then, since [I)zg = x4,
_ o - _ (13)

By(zg — ) = Eg(Iyzg — Myag) = By(Ily — DIzg =0,
hence the existence assertion of Assumption A4 is shown. To show uniqueness
of 2§, let z € €, be such that

z—xzy €ker By CW; = kerlly,

where Wy is the limit of the corresponding Wong sequence for (Ey, A;) as in
Theorem 2.4. Together with I1,z = z this implies z = 25 = 2.
Step 2: We show A4 = (13).
Choose z§ € €, such that z§ —zy € ker B, € W} = kerlIl,, hence zf =
qua' = I,z . Therefore, by Iz, = z,,

0= Ey(rg —zy) = By Iyay —pag) = By, — DIz .

Since z, € €, =V, is arbitrary it follows from V* @ W* = R" together with
W* =kerIl, that E (I, — I)II, = 0, hence (13).

Combining Theorems 3.5 and 3.9 yields that for every switched linear DAE 3
with regular matrix pairs (Ep, Ap), p = 1,..., N satistying (13) there exists a
solution x € (Cpy). By definition, this solution also solves 3.9 in the distri-
butional framework of [7, 8]. Since the switched DAE (3) with regular pairs
(Ep, Ap), p = 1,...,N has a unique distributional solution (for a fixed initial
value 2(0—)) we obtain the following result.

Corollary 3.10 (Impulse-free solutions for linear switched DAE). Consider
the switched DAE (3) with arbitrary switching signal o € ¥ and regular matriz
pairs (E,, Ap) with corresponding consistency projectors II, € R"*™ given by
Definition 3.8. If (13) holds, then every distributional solution x € (Dpwee)™

of (3) is impulse-free.
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4. Asymptotic stability of (nonlinear) switched DAEs

The definition for asymptotic stability of (1) is basically identical to the
definition in the non-switched case; the only difference is that the solutions
might have jumps, so we have to decide where to evaluate the initial value. In
view of Theorem 3.5, we consider the initial value (0—). Note that in the linear
case Assumption A4 excludes impulses in the solution, which is reasonable for
the definition of stability, because an impulse can be interpreted as an infinite
peak which remains infinite even when the corresponding solution is scaled so
that |z(0—)| gets arbitrarily small. Finally note that we do not assume that the
e-d-definition of stability is uniform in the switching signal o € X..

Theorem 4.1 (Asymptotic stability under arbitrary switching). Consider
the switched DAE (1) satisfying Assumption A4 and Assumptions A1-A3 for
each subsystem with corresponding consistency space €, := €g, r and consis-
tency projectors IL,, p € {1, ..., N} induced by A4. Assume for each subsystem
that there exists a Lyapunov function V), : €, — R>¢ in the sense of Definition
2.6. If

Vp,ge{l,...,N} Ve e &, V (Il (z)) < Vp(x), (14)

then the switched DAE (1) is asymptotically stable for any switching signal
o€ .

PROOF. Step 1: Definition of a common Lyapunov function candidate.
If € €,N ¢, for some p,q € {1,...,N} then 2 = I, (x) = II,(z) hence (14)
implies V,(x) = V,(x). Therefore

VZR”-’R7 T — {V;)(l'), xee:l”.

0, otherwise,
is well defined.
Step 2: V(z(t)) — 0 as t — oo.
Fix 0 € ¥, let I C R be an interval without switching times and consider a
solution x : R — R™ of (1). By Theorem 3.5, this solution is a classical (local)
solution of E,(z)z = f,(x) on I where p := o(7) for 7 € I. From z(7) € €,
for all 7 € I it follows that V(z(7)) = V,(«(7)) and, by Definition 2.6 together
with (6), )

AV, (z(r)) = Vp(z(r)) <0 Vrel.

Let t € R be a switching time of o, then 2(t) = II, ) (x(t—)) and z(t—) € €4y,
hence, by (14),

V(z(t) = Vo (2(t) = Vo) (Hor (2(t-)))
< Voeo) (a(t=)) =V (2(t-))

Hence t — wv(t) = V(x(t)) is monotonically decreasing and therefore v :=
lims oo v(t) > 0 is well defined. Seeking a contradiction, assume v > 0. Anal-
ogously to the proof of Theorem 2.7 let K), := V, '[v,v(0)], M, := V(K,) and
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my = —maxM > 0. Let m = min, m, > 0 then Lv(t) < —m < 0 for all
non-switching (hence almost all) times ¢ > 0, which contradicts v(¢) > 0 and
the assertion of Step 2 is shown.

Step 3: x(t) — 0 as t — oo.

Seeking a contradiction, assume z(t) # 0. Then there exists € > 0 and a se-
quence (s;);en € RY with s; — 0o as i — oo such that ||z(s;)|| > € for all i € N.
There is at least one p € {1,..., N} such that the set { i €N | o(s;)=p }
has infinitely many elements, therefore, without loss of generality, assume that
o(s;) = p for some p and all i € N. Since each x(s;) is contained within
the compact set V1[0,V (x(0))], the same argument as in the proof of The-
orem 2.7 shows existence of z* # 0 such that we arrive at the contradiction
0 =1limy oo V(2(t)) = lim; o0 Vp(2(s:)) = Vp(2*) # 0.

Step 4: Stability of the switched DAE.

We first show that

Ve>03b. >0Vpe{l,....N} Ve e€,: Vy(r)<b. = |z|<e. (15)

Assume the contrary, then there exists ¢ > 0 and sequences (p,, )nen and (2, )nen
such that V,, (x,) < 1/n and |z,| > e. There exist at least one p € {1,..., N}
which occurs infinitely often in the sequence (p,), so we can, without loss of
generality, assume that p, = p for all n € N and some p € {1,...,N}. Then,
by L1, all z,, are contained in the compact set V;,’l 0, Vp(Znpor )] Where npay ==
argmax,, Vp(z,) < co. This implies that there exists z* € €, which is a limit of
a subsequence of (x,) and with |2*| > . Hence we arrive at the contradiction
0 =1lim, oo Vp(zpn) = Vp(2*) # 0 and the claim (15) is shown.

For a given € > 0 choose b. > 0 according to (15). Let py := o(0—), then
by continuity of V,,, there exists § > 0 such that |z| < ¢ implies V},,(x) < b, for
all z € €. In Step 2 it was shown that ¢ + V,_)(z(t—)) is monotonically
decreasing, hence V,_(x(t—)) < b, for all t > 0. Hence (15) yields |z(t—)| < e
forallt > 0.

Remark 4.2 (Stability and compactness of sublevel sets). In contrast to
the stability proof of the non-switched case in Theorem 2.7 we needed the
compactness-of-sublevel-sets assumption of each Lyapunov function to prove
stability of the switched DAE (1). In particular, the solutions of the switched
DAE can exhibit jumps and therefore the continuity argument used in the proof
of Theorem 2.7 cannot be applied here.

Condition (14) implies that any two Lyapunov functions V, and V, coincide
on the intersection €,N¢,, hence Theorem 4.1 is a generalization of the switched
ODE case where the existence of a common Lyapunov function is sufficient to
ensure stability under arbitrary switching [10, Thm. 2.1]. However, the existence
of a common Lyapunov function is not enough in the DAE case [9]. Under
arbitrary switching, solutions will in general exhibit jumps; these jumps are
described by the consistency projectors, and these projectors must “fit together”
with the Lyapunov functions in the sense of (14) to ensure stability of the
switched DAE under arbitrary switching. If one assumes that the switching
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signal is chosen in such a way that no jumps occur, then the conditions on the
consistency projectors are not needed. To be precise, we consider the following
set of switching signals

3 solution z of (1)
Efo =< o0 €X | with 2(0) =2 and

x is jump free

where o € R™. Note that these switching signals can be realized by state-
dependent switching, where a switch from subsystem p to subsystem ¢ is only
possible when the state is contained in €, N¢€,. However, for linear systems it is
possible to describe the switching signals Z?Ef o without explicit reference to the
state, see the examples in [9]. Since the allowed switching signal depends on the
initial value, it is not possible to speak of asymptotic stability as defined above,
because there the switching signal is fixed first and afterwards the initial values
are considered. Nevertheless, we can formulate the following result.

Corollary 4.3 (Solutions without jumps). Consider the switched DAE (1)
satisfying A1-A4 and assume each DAE E,(x)t = fp(z), p=1,...,N, has a
Lyapunov function V,,. If

Vp,g=1,...,NVz e €,N¢;: V,(z)=V,(x) (16)

then all solutions x of (1) with z(0) = 2° € R™ and o € Z;{j converge to zero
as t — oo.

If ¢, Nne&, = {0} for all p,q € {1,..., N} then the only jump-free solution for
non-constant switching signals is the trivial solution, hence although Corollary
4.3 is applicable it is not very useful in this case.

It is well-known for switched ODEs that by restricting the class of switching
signals one can obtain asymptotic stability also in cases where no common
Lyapunov function exists. Denote by N, (¢,T) the number of switchings of ¢ in
the interval [t,T) and define the class of average dwell time switching signals
with average dwell time 7, > 0 [18]

s, ::{JGZ ’3N0>0Vt€RVAt>O: Ny (t,t+ At) < Ny + &t }

The number Ny > 0 is called chatter bound of the switching signal o € X, .
Note that the subset of average dwell time switching signals with chatter bound
Ny =1 is precisely the class of switching signals with dwell time 7.

Theorem 4.4 (Asymptotic stability under average dwell time switching).
Consider the switched DAE (1) with corresponding consistency space €, and
consistency projectors IL,, p € {1,...,N}. Assume that all subsystems permit

a Lyapunov function V,, p € {1,..., N}, which additionally fulfill

ADT1 3A>0V¥pe{l,....,N}Vze&,: V,(z) <-AV,(z) and
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ADT2 3 >0Vp,qe{l,...,. N} Ve e €,: V,(II(x)) < uV,(z).
If

Ta > B (17)

then the switched DAE (1) with switching signal o € Y., is asymptotically
stable.

PrRoOF. For any switching signal o € X, with average dwell time 7, satisfying
(17) let 0 :=tg < t1 <ty < ... be its positive switching times and let z € (Cpy,)"
be a solution of (1). Between two consecutive switching times ¢;,t;41 € R, i € N,
we have, by ADT1, V(t—) < e M=tV () for all t; < t < t;;1. Furthermore,
let p; := o(tit1—) and ¢; := o(t;), then it holds that x(t;) = I, (x(t;—)) and
z(t;—) € €,,, i € N. Hence, by ADT2, V,,(z(t;)) < puVp, (x(t;—) for all i € N.
Combining both inequalities inductively we get, for all ¢ > 0,

Voo (t=) < e ATty em M2ty o= A 0mto) ) Vo (ar(to—))

Vot -y (x(t1-))

Vo (ty—) (x(t2—))

_ _ In p
= AN (08) < Nog(=A T )th(o_)(:c(O—)),

where v € N is such that ¢, is the last switch before t.

By (17), the non-negative function ¢ + V,_)(x(t—)) is therefore bounded
by an exponentially decreasing function and hence converges to zero. Arguments
analogous to those in Step 3 and Step 4 of the proof of Theorem 4.1 now conclude
the proof.

In the linear case the Lyapunov function can be chosen according to Remark
2.9; in this case it is possible to express the inequality (17) for the average dwell
time directly in terms of eigenvalues of corresponding matrices.

Lemma 4.5 (ADT1 and ADT?2 always fulfilled for linear case). Consider
the linear switched DAE (3) with the reqular matriz pairs (E,, Ap), p € {1,...,N}
with corresponding consistency spaces €,, and let (P,,Q,) be the solutions of
the corresponding generalized Lyapunov equations

A PE,+ E) PAy=—Qp, p=1,...,N

with Qp = Q;— >0 on €, and P, = PJ > 0. Choose a matriz O, with
orthonormal columns such that im O, = imlIl, = &,, where 1, is the linear
consistency projector corresponding to (E,, Ap) as in Definition 8.8. Then, for

p,q€{l,...,N},

)\max<O;H<—;E;quEquOP)

>0
Anin (O] B B, E,0,)

Vo € & Vo(Ilgw) < pipgVp(x),  where ppq =
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and

Amin (O;— QPOP)
A (O] ET P,E,0,)

Ve ed,: Vp(x) < =NVp(z),  where A, = > 0,

where Amin(+) and Amax(:) denote the minimal and mazimal eigenvalue of a
symmetric matrix, respectively.

PROOF. Let d, := dim€,, i.e. O, € R"™% then x € €, if, and only if, there

exists a unique z € R% with 2 = O,z, O;x = z and |z| = |z|. Hence, by

choosing z corresponding to z € €, as above,

=210, E) P,E,Opz =t 2" P72 > Auin(P)|2” = Aain (P))|2[?

< maX(PZ)|$|2

=2'0) ) B PyE,1,0,2 =: 2" M7 .2 < Amax(M )|2|?
—zTOTQpO z=: —zTsz < —Amin(Q})]2]?

Vp(z

Vp(z
(

Vpl(z

By assumption, the matrices Q7 = Q;T € C%*d and P} = P;T € C%>dp gre
positive definite, hence )\min(Q;) > 0 and )\max(sz) > /\min(PpZ) > 0. Therefore,

)
)
) =
)=

)\max(M;q) )\min(Qz)
P e
MP,ZI )\mln(Pj)Z) o P Ama.x(F);)

are well defined. Note that Apax (M . q) = 0 is possible, however )‘maX(Mlip) =
/\max(Pp) > )\mm(Pp ), hence pp, , > 1 and max, ¢ Inp, o > 0.

Corollary 4.6 (Average dwell time for the linear case). For the switched
linear DAE (3) with asymptotically stable subsystems, let p, 4 and Ay, p,q €
{1,..., N} be given as in Lemma 4.5. Then the linear switched DAE (3) is
asymptotically stable if o € 3., with

s maxp'7q In gy, 4

miny, Ap

Note that the obtained results cannot in general be expressed in terms of the
eigenvalues of the matrices @, and P, (or E, P,E,); the consistency projectors
and basis transformation must be incorporated as formulated in Lemma 4.5.
We show the application of Lemma 4.5 with a simple linear example.

Example 4.7 (Example 1 from [9] revisited). Let

(ElaAl) = ([8 (H ’ [(1) :”) 7(E27A2) = ([(1) (1)] ) [_11 _()1]) .
The corresponding consistency spaces and consistency projectors are given by

]

=]

Q:l = Q(El,Al):imHL Q:Q = Q:(E2’A2):im[
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and
I =[91], M2=[99].

As basis matrices for the consistency space choose

01:1{\/5}7 0y =]

=)

V2 J-

Consider the Lyapunov functions Vi (z) = $23 and Va(z) = % (21 + x2)?, corre-
sponding to

1
b =P = ) [(1) 8]
and
Q1=1[8%], Q=[]

Then
O] E| PLE,O; =}, OF E) PyE>0y = 1,
O/ 11y Ey Py ExT1,0; =1, OJ 1] EB] P By1,05 = 1,
0] Q101 = 4, 0] Q205 =1,

hence 1 := max, 4 tp, ¢ = 2 and A := min, A\, = 2. Therefore the corresponding
switched DAE is asymptotically stable for all switching signals ¢ € X, with

Ta > 1’172 This bound is actually sharp in this example [9].

5. Conclusion

We have studied switched nonlinear DAEs with respect to solution and sta-
bility theory. For the non-switched nonlinear DAE subsystems we generalized
the classical Lyapunov’s Direct Method, in particular, we defined a Lyapunov
function for quasi-linear DAE in general terms. This definition seems to be new
even for the linear case. Furthermore, we studied existence and uniqueness of
solutions of a switched nonlinear DAE, provided the subsystems are regular in
a certain sense. Finally, we were able to generalize existing stability results of
switched ODEs to switched DAEs.

Appendix A. Distribution theory

Appendiz A.1. Classical distribution theory

We start by summarizing the definitions and properties of classical distri-
butions as formalized by Schwartz [26]. The space of test functions is C3°, i.e.
the space of smooth functions ¢ : R — R with compact support supp ¢, where
the latter is the closure of the set { £ € R | ¢(¢t) #0 }. The space C§° can be
equipped with a suitable topology such that convergence of a sequence (¢, )nen
of test functions to zero is characterized by

C1 3C C R compact Vn € N : supp ¢, C C and
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C2 VieN: limpn |00 |lsc =0,

where || ||co denotes the supremum norm of a function. Hence a linear operator
D : C§° — R is continuous if and only if lim,,—,. D(p,) = 0 for all sequences
(¢n) of test functions fulfilling C1 and C2. The space of distributions is the
dual space of the space of test functions, i.e.

D:={D:C;° — R | D is lincar and continuous }.

The main two properties of distributions are 1) that they can be interpreted
as generalized functions and 2) that they are arbitrarily often differentiable. To
be more precise, let £ 1, be the space of locally integrable functions, then the

mapping
ACl,loc —>]D), foD = (@H/f(p>
R

is well defined (i.e. fp is indeed a distribution) and an injective homomorphism.
Distributions which can be represented by a locally integrable function are called
regular distributions.

The derivative of an arbitrary distribution D € D is given by

D'(¢) :=—D(¢"), ¢eC.

It is easy to see (from integration by parts), that this definition generalizes the
classical derivative of differentiable functions:

Vf:R — R differentiable :  (fp) = (f')p-

The simplest and most famous non-regular distribution is the Dirac impulse (or
Dirac Delta function or unit impulse function) given by

5(p) == (0),

or, in general for t € R, d:(p) := ¢(t) for ¢ € C5°.

The support supp D of a distribution D € D is the complement of the largest
open set O C R with the property suppp C O = D(p) = 0, which generalizes
the classical support definition of (continuous) functions. Note that the support
of the Dirac impulse 6 is {0}; in fact the following much stronger results holds:

N
suppD C {t} <& EINENEiao,al,...,aNE]R:D=Zo¢i5t(z),
i=0

where 5t(i) the i-th (distributional) derivative of the Dirac impulse d;.
Distributions can be multiplied with smooth functions:

(aD)(p) := D(avp), a€C™® DeD,pely,

and it is easy to see that the product rule (aD)" = o/ D + oD’ holds.
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Appendiz A.2. Piecewise-smooth distribution Dpycoe

Let Cpy be the space of piecewise-smooth function, where o : R — R
is called piecewise-smooth when there exists a locally finite ordered set T =
{ti€R |i€Z } and smooth functions «; € C*>, i € Z, such that « =
> icz(@i) 4,1y Here, fr denotes the restriction (or truncation) of a func-
tion f: R — R to the interval I C R, ie. fi(7) = f(r) for 7 € I and fr(7) =0
otherwise. The space of piecewise-smooth distributions is then given by

€ C T C R locally finite,
Dpwe= :=§ fo+ Z D; S € Con Y .
= Vr €T : D, €D with supp D, C {7}

As mentioned above, the condition supp D, C {7} for some 7 € R is equivalent
to D, € span{d.,d.,d”,...}. Note that for a piecewise-smooth distribution D =
fo+>,cr D- the set of jumps of f and the set T' of locations of impulses are in
general independent of each other. The properties of D,yc~ and corresponding

definitions are summarized in the following:

1. closed under differentiation: D € Dyweee = D’ € Dpyeos,

2. left- and right-evaluation: D(t+) := f(t), D(t—) := f(t—), where D =
fo+>,erDr,andt €R

3. impulsive part: D[t] := D, if t € T, D[t] = 0 otherwise and D[] :=
> rer Dry where D = fp+3 . Dr and t € R,

4. restriction to interval: Dy := (fr)p + > .cpn; Di, where D = fp +
> rer D7 and I C R is some interval,

5. multiplication with piecewise-smooth function: aD := 37, ., @; Dy, 4,
where o = >, (i)(t,,4,,,) as above; in particular, ad; = a(t)d;.

For more details see [7, 8]. In the proof of Theorem 3.5 we actually need the
fact that for any a € C35,, D € (Dpwee) and t € R

pw?

(O[D)[ﬂ = O[D[t] and (O‘D)/ = Z(a’z)[ti7ti+1) + Z(al(tl) - ati—l(ti))dti’

1€ 1€Z

where a = > (@), 1,4+1) as above.

References

[1] L. O. Chua, R. A. Rohrer, On the dynamic equations of a class of nonlinear
RLC networks, IEEE Trans. Circ. Theory CT-12 (4) (1965) 475-489.

[2] W. Schiehlen (Ed.), Multibody Systems Handbook, Springer-Verlag, Hei-
delberg, Germany, 1990.

[3] P. Kunkel, V. Mehrmann, Differential-Algebraic Equations. Analysis and
Numerical Solution, EMS Publishing House, Ziirich, Switzerland, 2006.

22



[4]

[16]

D. Nesié¢, E. Skafidas, I. M. Y. Mareels, R. J. Evans, Minimum phase prop-
erties for input nonaffine nonlinear systems, IEEE Trans. Autom. Control
44 (4) (1999) 868-872.

D. H. Owens, D. L. Debeljkovic, Consistency and Liapunov stability of
linear descriptor systems: A geometric analysis, IMA J. Math. Control &
Information (1985) 139-151.

K. Takaba, N. Morihira, T. Katayama, A generalized Lyapunov theorem
for descriptor systems, Syst. Control Lett. 24 (1).

S. Trenn, Regularity of distributional differential algebraic equations, Math.
Control Signals Syst. 21 (3) (2009) 229-264. doi:10.1007/s00498-009-0045-
4.

S. Trenn, Distributional differential algebraic equations, Ph.D. thesis, In-
stitut fiilr Mathematik, Technische Universitat Ilmenau, Universitidtsverlag
Imenau, Ilmenau, Germany (2009).

URL http://www.db-thueringen.de/servlets/DocumentServlet?id=13581

D. Liberzon, S. Trenn, On stability of linear switched differential algebraic
equations, to appear in Proc. CDC 09Preprint available online, Institute for
Mathematics, Ilmenau University of Technology, Preprint Number 09-04.

D. Liberzon, Switching in Systems and Control, Systems and Control:
Foundations and Applications, Birkh&user, Boston, 2003.

A. H. W. T. Geerts, J. M. Schumacher, Impulsive-smooth behavior in mul-
timode systems. Part I: State-space and polynomial representations, Auto-
matica 32 (5) (1996) 747-758.

A. H. W. T. Geerts, J. M. Schumacher, Impulsive-smooth behavior in mul-
timode systems. Part II: Minimality and equivalence, Automatica 32 (6)
(1996) 819-832.

B. Meng, Observability conditions of switched linear singular systems, in:
Proceedings of the 25th Chinese Control Conference, Harbin, Heilongjiang,
China, 2006, pp. 1032-1037.

B. Meng, J.-F. Zhang, Reachability conditions for switched linear singular
systems, IEEE Trans. Autom. Control 51 (3) (2006) 482-488.

L. Wunderlich, Analysis and numerical solution of structured and switched
differential-algebraic systems, Ph.D. thesis, Fakultdt II Mathematik und
Naturwissenschaften, Technische Universitdt Berlin, Berlin, Germany
(2008).

R. Goebel, R. G. Sanfelice, A. R. Teel, Hybrid dynamical sys-
tems, IEEE Control Systems Magazine 29 (2) (2009) 28-93.
doi:10.1109/MCS.2008.931718.

23



[17]

[25]

[26]

M. K. Camlibel, W. P. M. H. Heemels, A. J. van der Schaft, J. M.
Schumacher, Switched networks and complementarity, IEEE Trans.
Circuits Syst., I, Fundam. Theory Appl. 50 (8) (2003) 1036-1046.
doi:10.1109/TCSI1.2003.815195.

J. P. Hespanha, A. S. Morse, Stability of switched systems with average
dwell-time, in: Proc. 38th IEEE Conf. Decis. Control, 1999, pp. 2655-2660.

S. Reich, On a geometrical interpretation of differential-algebraic equations,
Circuits Systems Signal Process. 9 (4).

P. J. Rabier, W. C. Rheinboldt, On the computation of impasse points of
quasi-linear differential-algebraic equations, Math. Comp. 62 (205) (1994)
259-293.

K. Schlacher, K. Zehetleitner, Formale Methoden fiir implizite dynamische
Systeme, Automatisierungstechnik 52 (9).

T. Berger, A. Ilchmann, S. Trenn, The quasi-Weierstrafl form for regu-
lar matrix pencils, Lin. Alg. Appl.Preprint available online, Institute for
Mathematics, Ilmenau University of Technology, Preprint Number 09-21.

A. TIsidori, Nonlinear Control Systems, 3rd Edition, Communications and
Control Engineering Series, Springer-Verlag, Berlin, 1995.

F. L. Lewis, Preliminary notes on optimal control for singular systems, in:
Proc. 24th IEEE Conf. Decis. Control, Ft. Lauderdale, FL, IEEE Press,
New York, 1985, pp. 266-272.

J. Y. Ishihara, M. H. Terra, On the Lyapunov theorem for singular systems,
IEEE Trans. Autom. Control 47 (11).

L. Schwartz, Théorie des Distributions, Hermann, Paris, 1957, 1959.

24



