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Controllability definition
[ Jele]e]

Switched DAEs

Sy

Eqr(1yX(t) = Ao(e)x(t) + By(ryu(t)
or short (and actually more suitable)

| E;% = Asx + B,u| (swDAE)

Assumptions:

@ switching signal o : R — P piecewise-constant
in particular, no accumulation of switching times

@ each matrix pair (E,, Ap), p € P, is regular, i.e. det(sE, — A,) Z0
@ piecewise-smooth distributional solution framework [T. 2009]
i.e. x € D) coe, U € DYoo

]D)pwcoc{DfD+ZDt

f is piecewise smooth, T C R discrete }
teT

Vte T :D; € span{6:,6;,67,...}
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Controllability definition
0e00

Controllability in the behavioral sense
E,x=A,x+ B,u

(swDAE)

Definition (Distributional solution behavior)

B, = { w = (x,u) € Dgxé”m E,x = A,x + B,u }

Definition (Controllability (from ¢t = 0))

(swDAE) controllable :& B, is controllable, i.e.

vwtw? e B, 3T >0 3wr2 c B, :
W(lj:x%.o) = W(l—oo,o) A W(lﬁfo) = W(zT,oo)
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Controllability definition
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Comments on controllability definition

Lemma (Controllability to origin)

(swDAE) controllable <
YweB, AT >0 3w’ € B, : W(()_OQO) = W(0,00) A W(OT,OC) =0

Definition (Controllability subspaces)
clenl .= {x% €R" | Ix,u) € B, : x(t;) =x Ax(f)=0 }

o a

(swDAE) controllable

(swDAE) controllable
=: F,(¢-) in general!

Note: Ff # Fl )=

Feasibility of initial values
FE o ={x(t7) | (x,u) € B, } # R" (in general)
% CcPT =R~

& cbTl= roo
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Controllability definition
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lllustrative example

Sy

mode -1 mode 0 mode 1
(70070) [0 tl) [tl,OO)
)'(1 = O )'(1 — 0 ).<1 =u
Xp = 0 Xo = U >.(2 =u
. 10 .1
C—l = {0} CO =1m |:1:| Cl = 1m |:1:|
]:71 =im |:(])-} ]:0 = Rz ]:1 = RQ

Controllability space

C([,—O’tll = CL[TO’HH] =im [(1)} =F_1 = controllable
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Controllability for non-switched DAEs
@00

Regular DAEs and the quasi-Weierstrass form /

Theorem ((Quasi-)Weierstrass form, [Weierstrass 1868])

(E,A) is regular

< 3S, T invertible: (SET,SAT) = ({é /(\)/} , {é ﬂ) N nilpotent

Calculate S, T via Wong-sequences [Wong 1974; Berger, lichmann, T. 2012]

Definition (Some useful “projectors”)

Consistency projector: Mn:=T (l) 8 Tt
: ; : : diff . [ 0]
Differential projector: ne .= T 0 0 S
. . 0 0]
Impulse projector: nmp.=T 0/ S

AdifF = r]difFA7 BdifF i ndiffB’ Eimp = nimpE’ Bimp = nimpB
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Controllability for non-switched DAEs
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Controllability characterization (unswitched case) /

Theorem (T. 2012)

(x, u) smooth solution of (E,A) < 3x° € R" Vt € R:
x(t) = eMNX0 + [ A=) BTy () ds — ST (E™P) BImPuli)(t)

Corollary (Feasibility and controllability spaces)

Feasibility space: F= imN @ /(E™P, BmP)
Controllability space: C = (A4, Bdiffy @ (Eimp BimP)

where (A, B) :=im[B, AB, A%B, ..., A"~1B]

Corollary (Controllability characterization)

Ex = Ax + Bu controllable (in the behavioral sense)
& (ASF BT —imn
i <AdifF7 BdifF> + kerl = R"
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Controllability for non-switched DAEs
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Overall picture

............................................. o
im 1 \..\."'a.., ker I
{"_‘-
. . 0
<E|mp7 Blmp> :
3
Controllability Space™ L ___—..—.-—--"f'f"FeasibiIity Space

Attention

Controllability independent of (E'™P, B'™P) but the latter essential in

switched case (previous example)
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Controllability for switched DAEs
[ Ie]

Recursive formula for controllability space

| E;% = Agx + B,u| (swDAE)

with switching signal (0 =: ty < t; < tp < ...) and its restriction (s > 0)

-1, t<0,
o(t) .= o>s(t) =
( ) {Ia te [tl'atl'+l)7 = ( )

Theorem (Controllability recursion, KRT 2015)

chod = clvtetdl = ¢, £eN
[t1.0] — (ck_l 4 e*A‘iifl(fk*fk—l)n;lclfgg]) NFio1, 0< k<4

o>ty

cltl = ngleltl nr, = Fy
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Controllability for switched D
oe

Conclusions I:

o Controllability of switched DAEs

Distributional solution theory (jumps and Dirac impulses)
o Controllability in the behavioral sense

o Recursion formula for controllability space

]

Several pitfalls on the way
e (E'™MP BiImP) jrrelevant for unswitched controllability, but essential for

switched case, in particular
<Agiff7 Bé:lifl’) + |—|171<Acliiff’ Bi:iiff) 2 Fo
g
<A8ifrv Bgifr> S <E(i]mp’ B(i)mp> + |—|1—1<A¢fiff7 Bldiff> S Fo® <Eimp7 B(i)mp>
g
<Agiff7 B((]:Iiff> @ ker Mg + I'I;1<A‘fiff, Bfiﬁ> o) R"

o FL +# Fo(t-)
@ Further topics
o Duality with observability v/
o Controllability of Dirac impulses ?
e Control via switching signal ?
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