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Switched differential algebraic equations

Circuit example:
i

A 13

Switched DAE:
E,x = Ayx

Major differences to switched ODEs

Due to changing constraints, we see

@ Induced state jumps
@ Dirac impulses in the state variables

Solution of example (switch at t = 0 from mode 1 to mode 2):
vi(t)

Sy

Mode 1 (switch closed):

%u =0
L%I'/_ = VL
O=vi—u
Mode 2 (switch open):
%u =0
L%I'/_ =V
0=1i

i(t)
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Averaging: Basic idea

switched
o — ~
system

fast switching

non-switched
averaged system

Application

@ Fast switches occurs at
o Pulse width modulation
e ,,Sliding mode"-control
o In general: fast digital controller

@ Simplified analyses
o Stability for sufficiently fast switching

o In general: (approximate) desired behavior via suitable switching
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Periodic switching signal

Switching signal
o:R —{1,2,..., M} has the following properties

@ piecewise-constant and periodic with period p > 0
dy € [0,1] withdi +dr+...+dy=1

o duty cycles di, ds, ...,
switched non-switched
0,p ——| system ~ averaged system
Xo,p fast switching Xav

Desired approximation result

On any compact time interval it holds that

Xo.p = Xay ~ aS
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Averaging and Dirac impulses: Example

Mode 1 Mode 2

X1

X2

X3
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Dirac impulses vanish? /

Impulse-free part of solution converges Dirac impulse magnitude proportional to
= Jump heights converge to zero jump heights.

Dirac impulses don't play a role in the limit of averaging process.

WRONG!

In the example we have: x3 = — 7, dopx¥dy,.

Accumulation of Dirac impulses
Magnitude of Dirac impulses are proportional to period p, BUT number of Dirac impulses is
proportional to 1/p
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Relevance in reality?

Consider a differentiable approximation H® of the Heaviside step function and its derivative 6°:
6°(t)

He (1)

Approximation of x3

o0
0ge
x5 =— E dapxq Oy
k=1
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Distributions: Basic definitions [

Test functions Distributions

D is linear and

C?:—{Q:R%R‘ i is smooth with } ]D):—{D:Cx%R‘ . }
compact support continuous

Lemma (Generalized functions) Lemma (Dirac impulse)

For any locally integrable function o : R — R: For any ty € R we have

op : C° = R, (p}—)/ac,o eD dt, 1 Co° = R, o= p(ty) €D
JR

Definition (Piecewise-smooth distributions)

D = ap, a € C35,
- Y . f D, pw
Dpuc== - { D=0D"+D[]eD ‘ D[] =3 c1 D:, T is discrete, D; € span{d,d;,07,...} }
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Distributions
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Convergence of distributions

Definition (Convergence of distributions)
= Yo el§®: Dy(p) —r D(p) as n — oo

D, —p D as n — oo
X3 = — Ziil d2PX('}5ka
)= =2 dxdiin()
k=1
LT/p]
=—dqg Y po(kp)

k=1

T
— —dzxé/ ®
0

~ (o ()

let ¢ € C5° with supp e € [0, T] then

Recall example:

x3(p

Hence x3 —p —dax}
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Some DAE notation

Theorem (Quasi-Weierstrass form, WEIERSTRASS 1868)
S, T invertible:

(E,A) regular = det(sE —A)#£0 <
I 0| [J O .
(SET,SAT) = ({O N} , {0 I}) , N nilpotent

Can easily obtained via Wong sequences (BERGER, ILCHMANN & T. 2012)

Definition (Consistency projector)
Definition (A% and EimP)
0 0

AdifF — T |:J O:| Tﬁl, Eimp =T |:O N:| T71
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Averaging result /

E,x=A,x, x(07)=xo (swDAE)

In the following we consider (swDAE) with two modes and switching period p > 0.

Theorem (Averaging result of impulse-free part, IANNELLI, PEDICINI, T. & VASCA 2013)

Consider (swDAE) with regular matrix pairs (E1, A1) and (Ep, Az). Assume

MyMy = Moy =: M
and let the averaged system be given as
Xav = MR AT M x00,  xau(0) = Maxo
where Al = ch AY" + db AT Then

x — x[-] = xay  uniformly on any compact interval as p — 0.
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Averaging result /

E,x=A,x, x(07)=xo (swDAE)

In the following we consider (swDAE) with two modes and switching period p > 0.

Theorem (
Consider (swDAE) with regular matrix pairs (E1, A1) and (Ep, Az). Assume

|

MMy = Moy =: MA
and let the averaged system be given as
Xav = M A M3y, xa(0) = MAaxo
where ASf = dy AS 1 d, AF Then
x —p (I — Ej,[j‘p)xa\,n on any compact interval as p — 0,
where EJTP = 37775 (ch(Ey™) AT + do(Ey™) T AST)(ASTY'.
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Summary

] i E

First result on averaging for distributional solutions

Dirac impulses vanish in the limit but cannot be neglected!

e Convergence towards a smooth trajectory (without jumps and Dirac impulses)
o Difference from impulse-free limit

Practical relevance illustrated by considering approximations of Dirac impulses

Future challenges:
o Generalization to more than two modes (not triviall)
o Weakening of commutativity assumption of consistency projectors
o Consideration of inhomogeneous switched DAEs
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